CHAPTER 1

INTRODUCTION

The total load of human misery and suffering from communicable disease
in the world today is incalculable and presents a formidable challenge to public
health authorities, epidemiologists, parapsychologists, entomologists, bio
mathematicians and any other experts whose skills may have some bearing on

the problems involved.

Modern medicine can have now do much to alleviate or cure many
infectious diseases once they have been contracted. The elimination of poverty
and hunger and the provision of adequate social and public health measures
such as quarantine, isolation of infections cases, provision of clean water
supplied, proper disposal of sewage, vaccination and inoculation etc have

provided the main contributions to the fight against disease.

Let us use some models to study the large — scale population phenomena
of immediate relevance to any social and public health measures that might be
advocated or undertaken. In particular, let us know more about the transmission
and spread of infectious disease, about trying to predict the course of an
epidemic, and about the recognition of threshold densities of population which

must be surpassed before a flare-up is likely.



In the context of epidemic disease, let us require to know more about how
the endemic level is related factors, which can be controlled by public health
intervention. Let us need to develop models that will assist the
decision — making process by helping to evaluate the consequences of choosing
one of the alternative strategies available . Therefore mathematical models of
the dynamics of a communicable disease can have a direct bearing on the choice

of an immunization of control or eradication techniques.

Suppose let us consider an individual who has been exposed to interface
(i.e) who has received infectious material by some means such as direct
physical contact with an infectious person, breathing in infectious organisms or
eating contaminated food, An actively infectious individual and the appearance
of symptoms is normally called the incubation period and the period from the
observation of symptoms is one case to the observation of symptoms in a
second case directly infected from the first is the second interval. When
symptoms in occur either during or immediately after the end of the infectious
period the incubation period is exactly equal to the sum of the latent period and
the part of the infectious period during which the patient is still a danger to

other.

It is supposed for the group of individuals at any instant there is a certain
chance of contact between any two individuals sufficient for the transmission of

disease of one is an infective and one a susceptible. When there are several



infectious in a group, a given susceptible will remain true of disease only if
happens to escape adequate contact with any of them with continuous infection
models a suitable analogous assumption is that the chance of one new case in a
very short interval of time is jointly proportional to the length of the interval,
the number of susceptibles and the number of infectives. Such ideas regarding

lead to mathematical equations describing the whole process.

Carriers are the individuals who although apparently healthy themselves,

harbour infections which can be transmitted to others.

Methodological Aspects

Let us consider briefly a number of methodological aspects concentrating

more on the general philosophical Implications.

Let us first look at the simplest type of epidemic model in which infection
spreads by contact between the members of a community but in which there is
no removal from circulation by death, recovery or isolation. Ultimately all
susceptibles therefore become infected. When dealing with large number of
both susceptibles and infectives, let as should expect the effect of statistical
fluctuations on large — scale phenomena to be much reduced. In such
circumstances if not unreasonable to use a first approximation a deterministic
model in which, let us assume that for given number of susceptibles and

infectives and for a given attack rate, certain definite numbers of new infectives



will occur in any specified time. In stochastic models probability distribution of
the numbers of susceptibles or infectives occurring at any instant replace the
point values of deterministic treatments. In general, the form of behavious
predicted by a stochastic model is likely to be very similar by the corresponding
deterministic version when the number of susceptibles or infectives are both

sufficiently large but in other situations there may be important differences.

Moreover, there is a good reason to suppose that the assumptions of
homogeneous mixing is approximately valid for epidemic in only comparatively

small as individual household where statistical fluctuations may be large.

A major part of the work on stochastic epidemic models has been on the
general stochastic epidemic a name given by Bailey we give a simpler proof for

the threshold theorem due to Williams and whittle using Rajarshi technique.

A major complication of many diseases is the existence of so-called
carriers (i.e) individuals who although apparently healthy themselves are
already infected and are capable of transmitting the infection to others. Philippe
Picard gives some applications of martingale to epidemics. All the results are in
connection with stopping times T and include the expression of the joint
generating function Laplace transform of Xr, Jx, y, du and [y, du and relation
between moments of these three variables. The relation between Downston’s
model and the general epidemic is discussed and finally a generalization of one

of Daniel’s classical results is given.



In a real epidemic the increase of the number of infectives usually
generates sanitary measures in order to isolate infectives and prevent contacts
with susceptibles. Therefore Picard [32] in the general epidemic model
considered the parameters are as functions of infectives which gives a better
approximation. In these cases the martingale approach proves very valuable and

gives explicit results quite easily.

The considerable literature now existing on stochastic models is mainly
concerned with closed population epidemics, such as the general stochastic
epidemic and thus is of limited direct use in modeling most AIDS epidemics
where immigrations into and deaths from the class of susceptibles can be an

important feature.

AIDS needs no introductions. AIDS (Acquired Immune Deficiency
Syndrome) which breaks down the body’s natural immune system is transmitted
primarily by sexual contact or by bodily fluids exchanged between drug addicts,
who share needles. AIDS epidemic an explosive spread of disease was first
diagonised almost 12 years ago. To understand AIDS one must know a little
about the functioning of the human body and its resistance power, or capacity of

the body or immune system.

The AIDS is caused be a germ HIV which enters the body’s while blood
cells and makes it impossible for the body to defined itself against illness. The
HIV doesn’t kill the people directly. But it weakens the body’s resistance power
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and finally destroys the body’s immune system. The major signs of AIDS are
loss of more than 10% of normal body weight and servere diarrhea for more
than a month and continuous fever for more that one month. However standard
stochastic epidemic theory is often still not applicable because the infection
process is modeled slightly differently. The usual xy term (where x and y are
the number of susceptibles and infectives respectively) for the rate of new
infections is replaced by fxy/x + y. The justification for the new term is that
AIDS spread by individuals changing sexual partners. So if we removed
individuals are no longer available as sexual partners, then the probability that a

new partner of a given susceptibles infected is y/x + y.

John A. Jacquez Philiponeille compare the threshold results for the
deterministic and stochastic versions of the homogeneous SI model with
recruitment death due to the disease a background death rate and transmission
rate. A fundamental concept that has come out the deterministic mathematical

theory of epidemics is that of the basic reproduction number.

Let us examine the deterministic and stochastic formulation for the SI,
SIS, SIR and SIRS models for homogeneous populations. Finally Frankball
Philpo’neill consider a model for the spread of an epidemic in a closed,
homogeneously mixing population in which new infection occur at rate
Pxy/x +y where x and y are the number of susceptibles and infectious

individuals respectively and B is the infection rate. This differs with the



standards general epidemic in which new infectious occur at rate fSxy. Both the

deterministic and stochastic versions of the modified epidemic are analysed.

Simple and General Epidemics

Let us first look at the simplest type of epidemic model in which infection
spreads by contact between the members of a community but in which there is
no removal from circulation by death, recovery or isolation. When dealing with
large number of both susceptibles and infectives, let us expect the effect of

statistical fluctuations on large scale to be reduced.

In general the form of behaviour predicted by a stochastic model is likely
to be very similar to that entailed by the corresponding deterministic version
when the number of susceptibles and infectives are both sufficiently large but in
other situations there may be important differences. Let us use the concept of

the epidemic curve defined by the rate at which new cases are recognized.

Deterministic model

In the simplest deterministic formulation, let us suppose that let us have
homogeneously mixing group of individuals of total size n + 1 and that the
epidemic is started off at time t = 0 by just one individual becoming infections,

the remaining n individuals all being susceptible, but as yet un infected.



In general at time t, let us write X and y are continuous for the numbers of
susceptibles and infectives so that x + y = n + 1. The actual numbers of new

infections in the time interval At is BxyAt, where B 1s the infection rate.
At =— BxyAt
dx/dt=—fBxy = Bx(n—x+1)
If ©=pt, then
dx/dt=—x(n—-x+1)
Withx=n,t=0
x=n(n+1)/n+e"" D"
the number of infective at time 1 is
y=n-x+1l=@m+De™ D /nse
=n+1/1+ne (""D"
Epidemic curve is dy/dt= —dx/drt
W=—dx/dt=xy=n(nt1)%e " "D/ (n+e ("7
The epidemic curve at attains its maximum

Whent=logn/(n+1)

Whenx=y=%(n+1),w=%(n+1)">



Stochastic model

Let us now consider the simplest probability version of the deterministic
model. As before, let us assume a homogeneously mixing group of (n + 1)
individuals and suppose for simplicity that the epidemic starts at time t = 0 with
one infective and n susceptibles. Let us take the random variables X(t) and Y(t)

to represent the number of susceptible and infectives respectively at time t

Where X(t)+ Y(t)=n+1.

Then the chance of a contact between any two specified individuals in an

interval At is At + o(At). When B is the contact rate and 3 = constant.

It follows that the chance of one new infection in the whole group in At 1s
BxyAt to order At . When the transition occurs, x decreases by one unit and Y
increases by one unit. Suppose if we take the possibility of removal then the
chance of one removal in At can be taken as yYAt where vy is the removal rate.
The variable Y decreases by one unit after the transition, but X remains

unchanged.

Let p,,(7) be the probability that there are still r susceptible remaining
uninfected at time 7. The probability of r susceptibles remaining at time T + At

can be expressed as



Pr(t +At)=(r+1)(n—r1)7py (7)

+{1-r (n—r+1)At}pr(r) (1.1)

dp,/dt=(r+1)(n—r)py—r(n—r+1)pr,

>
0<r<n-1 (1.2)

J

dp,/dt=-np,
with initial condition p,(0) = 1 (1.3)
Laplace transform and its inverse with respect to time given by

9" (s) = [, e™Tp()dr ,R(s) >0 (1.4)
o(t) =1/2mi fccjizo e STp*(s)ds (1.5)

When C is positive and greater than the real parts of all the singularities of

@"(s).

Applying the equation (1.1) to (1.5)

pr=+1)n—-r)/s+r(n—r+Dp;;1,0<r<n-1

pn=1/s+n (1.6)

The Epidemic Curve

Let k cases out of n occur in the interval ( T, T + d1). Let f(t) be the

frequency function for the time of occurrence of new cases then
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k
F(D)dr = E(>) = 1/nli (x + 87) (0]

= —1/nduy/dtdt (1.7)
When 4 (7) is the average number of susceptibles at time 7.
W =du/dt (1.8)
The normalized epidemic curve is
W=w/n=—-1/ndu;/dt (1.9)
The probability of one new infective in Atisr(n—r+a) Art.
spr=+1)(n—-r+a—-1)p;;1,0<r<n-1
pn=1/s +na

The Laplace transform of W is

w* = foooe‘”wdr

= —1/n [ e™du; /drdr (using 1.9)
=1-s/n [~ eTpidr
y; = m when 1= 0 and is exponentially small as T — oo
11 (1) = Xy rpr(7)

W*=1—-s/nY _ rpr*
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= 1—-s/nYMe 1 /rlj=n—r+an{l+s/j(n—j+a)}?!
(1.10)
General Epidemic

Let us now turn to a more realistic and generally applicable
representation of an epidemic basic parameters in the model are therefore the
infection rate and the removal rate. This type of process is called general

epidemic.
Deterministic model

Suppose let us have a community of total size n, comprising time t, X
susceptibles y infectives in circulation and z individuals who are isolated, d

dead or recovered and immune.
X+y+z=n (1.11)

B — infection rate and y — removal rate. In time At, there are PxyAt new

infectors and yyAt removals.

The basic differential equations are

dx / dt =—pxy )
>

dy / dt = Bxy — vy (1.12)
J/

dz/dt=1yy
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p=v/PB, is the relative removal rate. Eliminating y from the first and third of

these equations. By division gives after integration.
x = xge %P
dz/dt =y(n—x—2z) usingXx+y+z=n (1.13)
dz/dt =y(n —z — x,e ?/P) (1.14)
dz/dt =y(n—xo + (xo/p — 1z — x02%/2p?)  (1.15)

Assume that, z / p is small and ( x5/p — 1) is small

wz=p%xg(xe/p — 1+ atanh(%ayt —@))

Where a = {(xo/p — 1)* + 2x0y0/p*}'/?
(1.16)
And ¢ = tanh ™1 1/a (xo/p — 1)
- The epidemic curve is therefore
dz/dt = ya®p?/2x,sech? (1/2 ayt — @)
(1.17)

It is in general a symmetrical bell shaped curve.

The total number of removals after the allows of a very long, ideally

infinite period of time.
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Lett — 0,z = p?/xo (Xo/p — 1+ )

Zoo~2p (1 - p/xO)

(1.18)

Let us now turn to a more mathematically precise treatment of the

foregoing analysis based on the discussion of Kendall[22].

Suppose , let us assume that the infection rate is a function 3 (z) of z then

(1.13) is changed by
x = xgexp[—1/y [ B(w)dw] (1.19)
Which together (1.14) gives
dz/dt =y[n—z—xoexp[~1/y f; Bw)dw]] (1.20)
Bz)=28/(1—-2z/p) +(1—2z/p)~" (1.21)
Then B (0)=pand P (z) <P when 0<z<p.
Consider n —z — xye %/P=0 (1.22)

Let the unique negative and positive roots of (1.22) be —n; and 7,

respectively.

Lt = 1/yfozdw/n—w—x0 e /P 0< z < 1,

(1.23)
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Which when taken in conjunction with (1.14) gives a formal solution for
that epidemic curve dz / dt in terms of a pair of parametric equations. The whole
of the curve for 0 <t < is involved since the integral in (1.23) diverges when z

— 1), and therefore z,, = 7,
Stochastic model

Let X(t) and Y(t) be representing the number of susceptibles and
infectives respectively. The chance of one new infection in At as BXYAt where
B is the infection rate. The chance of one removal in At is YYAt where vy is the
removal rate. The variable Y decreases by one unit after the transition but X

remains unchanged.

At t = 0, there are n susceptibles and a infectives. Let p(t) be the
probability that at time t there are r susceptibles still uninfected and s infectives
in circulation. The chance of one new infection in time At is PrsAt and the

chance of one removal ysAt.

vy /B = p , the ratio of removal rate of infection rate which is called as

relative removal rate.

dprs/dT = (T + 1) (S - 1)pr+1,s—1

_S(T + p)prs + p(s + 1)pr,s+1

and J (1.24)
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dpna/dT = —a(n+ p)Pna

0<r+s<n+aq0<r<nld<s<n+a

Pna(0) =1

If let us introduce the probability generating function given by

P(z,w,1) = Zprs(T)ZTWS

Which satisfies

(1.25)

dp/ot = (w? — zw) 3%p/0z0w + p(1 — w) dp/ow

With initial condition p(z,w,0) = z" w" .

Total Size of Epidemic

Py = lim¢ o, P, 0

= limy_y Aqp—y, 0

= limy 0 pqn-w, 1.

Put r =n—w and s = 0 in the following equation

(T + 1)(5 - 1)qr+1,s—1 - {S(T + ,0) + A}qrs + p(s + 1)Qr,s+1

and —{a(n+p) +A}qs +1 =0

pW:pfn—w:l ,OSWSTL
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(1.28)



Where f,.¢ = lim,_ q,s. (1.29)
I<r+s<n+a,0<r<n, I<s<n+a
Putting 4 = 0,
(r+ 16— Dfrs15-1 —{s+p) + Afrs + p(s + D511 =0
—{a(n+p)+ e +1 = 0 (1.30)
s =nl(r4+p—1D)p™ TS /srin! + pg,e (1.31)

Ir+1,s-1 — Grs + (rpp)_lgr,s+1 = 0}

Gna =1
(1.32)
Irs = LIt M+ p) T Gy
gr1 = +p) gy,
Gna =1 (1.33)

Carrier Models

Carrier are individual who although apparently healthy themselves,
harbor infection which can be transmitted to others. Diseases such the
poliomyelitis, tubes, culosis, or typhoid are typical examples some carrier may
be infectives for a very long long time, others becomes clean of infections are

quickly in either case the carriers are effectively removal from circulation, but
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as they are not ill and exhibit no removal symptoms of diseases, they are no
themselves usually recognized as actual cases. On the other hands, carriers may
be suspected because of the existence of on other wise inexplicable occurrence
of scatted cases. This may lead to a deliberate search for carrier and some or all

of them may be identified through the use of special test.

Basic Deterministic Model

In this model, let us concentrate attention only two types of individuals.
Susceptible and carriers. It is assumed that only carrier are responsible for the
actual spread of infection. When a susceptible is infected, he is supposed to
exhibit symptoms sufficiently quickly to be effectively recognized and removal

from circulation before he can transmit the diseases others.

The elimination of carrier proceeds at some finite rate which depends on
both spontaneous recovery and public dedication. Let us suppose that at time t,
we have x susceptibles and y carriers. The number of new infectives in time At
1s BPXYAt where B is the infection rate, while the number of carriers removed in

At is assumed be YY At where v is the removal rate for carriers.

The deterministic process is characterized by the equation

dx / dt=—Bxy

dy/dt= —vyy (1.34)
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withx = n,y = b,t = 0. If we start with n susceptibles and b carriers at

time t = 0.

Bb
X =n exp[m)

y = be "t (1.35)

The ultimate number of unaffected susceptibles as t — o is

X0, = ne PP/Y and the total size W of the observed epidemic is
W =n(1- e F/M) (1.36)

In this model let us take the number of susceptibles and carriers at time t
are represented by the random variable X(t) and U(t). The chance of one new
infection occurring in time At is BXUAt. When this event happens X decreases
by one unit and U remains unchanged. Again, let us assume that the chance of
one carrier being removal is YU At. In this case U is decreased by one unit but X

1s unchanged.

p=y/B and T = ft.

Let the probability of being r susceptibles and u carriers at time T be

Pru(D).

Let the point probability generating function p( X, y, 1) defined by

p(x,y,7) = Xpr (D)X y"
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dp/ot = (x~' = 1)xy d*p/0xdy + p(y ' — 1)y dp/dy

(1.37)
= (1 —x)yd°p/dxdy + p(1 —y) dp/dy
With initial condition assuming
p(x,y,0) = x™uP
(1.38)
p(x,y,7) = X(x)Y () (7)
T,/T=A-x)yX'Y' /XY +p(1—-y)Y'/Y = -2 (1.39)
Where A is a suitable constant
T=e
(1.40)
A=x)yX'/X=p(1=y)/y =2
Where j is some suitable constants
Xo(1—x)j
_ (1.41)
Y« (y—p/p+ )Y
Time Dependent Parameters
Working in t time, let us f replace by
dp/0t = (1 —x)y d*p/0xdy + p(t)(1 — y) dp/dy (1.42)

subject to the some initial condition as before.
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Let us write the probability generating function

P(x,y,7) = Yoo Xb—o By (T)x"y" (1.43)

(7)) @-vifeo (1.44)

n
j=0
Where f;(y, 7) are to be determined.

Substituting (1.43) in (1.41) and equating coefficients of (x — 1)/ gives

a simple linear first order partial differential equation for f;(y, 7).
af;/0t+{( +p)y —p}dfj/dy =0 (1.45)
dt/p=dy/(j+p)y —p =df;/0 (1.46)
Let us find two independent integrals of
One solution is f; = constant (1.47)
and another solution is dy/dt = (j + p)y — p (1.48)
Multiplying through (1.47) by the integrating factor
6,(t) = exp(—jT — fotp(v)dv)) (1.49)
Leads to the second integral
y0; (1) + fOTp(z)Hj (z) dz = constant (1.50)

The general solution of (1.41) and (1.49).
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The general solution of (1.44) as

fi = 9(¥6;(2) + J pb; dz) (1.51)

Where ¢ is an arbitrary function that can be determined from the initial

conditions
P(x,y,0) = x"y? in (1.37)
P(x,y,0) = x"y"
={1+(x- Dy’
=370 (f) - iy
fiy,0) =y"
T=0=¢) =f(0) =y"
2 D) = (00,0 + [T p(2)6; (2)dz)) (1.52)
When 8;(z) is defined in ( 1.48 )

Immigration of Susceptible and carriers:

Suppose that new susceptibles appear at a constant rate u; and that new

carriers are introduced at a constant rate .

22



The deterministic equations are

VARt
With initial condition X =n,y=b,t=0.
Setting the differential coefficients equal to zero gives
Xo =yu/Bd ,y0 = 6/y-
Getting y = §/y + (b—6/y)e "t (1.54)

= exp[—Bv/yt —B/y(b—6/y)e "]

+u/y exp[=pS/yt — B/y(b —6/y)e™™"]

[ B8 /v? — 1e=BIYO=8In¢ g
(1.55)
Also dp/dt = B(1 — x)yd?p/oxdy + a(1l—y)dp/dy
+Hulx -1 +6(y—-1D]P
(1.56)
When
P(x,y,t) = X By ()x"y"
P(x,y,0) = x™ub } (1.57)
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Suppose
P(x,y,t) = XiLo(x — 1)/ fi(v, 0) (1.58)
Substituting (1.56) in (1.54) and equating coefficients of (x — 1)/ given.
ofi/ot + UB +v)y —v}of;/dy + 6(1 = )f; = ufj-1.  (1.59)

The marginal probability generating function of the number of carriers is

P(l,y,t) =f0(ylt) (160)

and the relevant partial differential equation with j =0 is

0fo/0t +y(y — 1)ofo/dy = 6(y — Dfy (1.61)
A,
fo,t) = e p{(y — De ™} (1.63)
When ¢ is an arbitrary function to be determined from the initial condition
fo(r,0) = y° (1.64)
Using (1.55) and (1.58)
Putting t =0 and (y — 1) =nin (1.61), and using (1.62)
$(n) = (1 +m)Pe-o0rmiy (1.65)
“fo ) =1+ (= De ) Pexp(S/y(y — D1 —e™) (1.66)
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The average number of carriers 7 is

T=68/y+(b—356/y)e " (1.67)

Ast— o0 (1.64)=

fo(y, ) = exp(6/y(y — 1)) (1.68)

So that the carrier distribution tends to a Poisson distribution with parameter

o /.
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CHAPTER 11

A CONTRIBUTION TO THE MATHEMATICAL THEORY OF

EPIDEMICS

Introduction

If one consider two population identical in respect of their densities their
recovery and death rates but differing in respect of their infectivity rates it will
appear that epidemic in the population with the higher infectivity rate may be
great as compared with those in the population with the lower infectivity rate. If
the density of the former population is in the neighbourhood of the threshold

value.

The density of a particular population is normally very close to its
threshold density it will be comparatively free from epidemic but if this state is
upset either by a slight increase in population density or by a slight increase in

the infectivity rate a large epidemic may break out.

It will appear that a similar stable of affairs holds with respect to diseases
with are transmitted through an intermediate host. The product of the two
population densities is the determining factor and no epidemic can occur when

the product falls below a certain threshold value.
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Assume that a certain number y, of the population have just been
infected although this infection is naturally dependent on some process outside
that defined by equation. Thus

Vo.o = Vo + Yo (2.1)
If Ygdenote the rate of removal he sum of recovery and death rates,
then the number who are removed from each 8 group at the end of the interval t

18 Py, V; g and this is clearly equal to vy g — V44 g4+1. Thus
Vto = vt—l,@—l(l s ACES 1))
=202 (1-9E-DA-9p(E-2)) @2

= V;_g,0Bp

Where By is the product (1 — (6 — 1))(1 = (8 — 2), .. . ....1 = (0)).

Now v, denotes the number of persons in unit area infected at the interval ¢t and

t
this must be equal to x; z PV g Where x,denote the number of individuals
1

still unaffected and ¢y is the rate of infectivity at age 6.

It clear that,

t
xt=N_zvt’0
0

t
=N_zvt_y0 (2.3)
0

27



N is the initial population density.

If z; denotes the number who have been removed by recovery and death

then
Xe+ye+z =N (2.4)
Then,
t t
Ve = Xt Z bo Vo = Xt 2 o BoVi—g,0
1 1
t
= Xt (z AgVi_g + Aty0> (2.5)
1
Also,
t t
Yt = Z Veo = z Bovi_g + B:yo (2.6)
0 0
By definition,
VU = X1 T Xt (2.7)

t
Xt — Xt41 = X (Z AgVi_g + At)’o) (2.8)
1
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Also z; 44 — z; 1s the number of person. The interval of time t and this is

t t
equal to x; z PoVrg 1O Xy Z YoBovi_g + Y Bryo
I 1
t
Zey1 —Zt = Z Co Vi—g + CtYo (2.9)
1

Yt+1 — Yt = Xt

¢
Z Co Vi—g + Cryo
1

t
z Agvi_g + Aryo
1

Then in the limit the above equation becomes

Xt + yt + Zt =N (2.10)
dx;
= —— 2.11
d t
X
0
d t
Z
d—tt = j CoVr_dO + C,y, (2.13)
0
t
0

0
where By = e Jo ¥@da 4. — ¢ B, and Cp = PyB, . By equation (2.13)

dropping the suffix t except when necessary in the analysis
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t
dx
—_— = —X JAgvt_QdQ + Atyo

dt
0
t
= —Xx fAt_gvgdH + Ay
0
t
dXQ
do
0
Therefore,
dlogx b dAig
It = Ar_g%xglo —fo Xg —g5— 48 — Acyo
t
= Aoxe — Apxo + j XgA;_gdO — Aty
0
Where A,_, = :(‘:t__;) = ——dzte_g.

But Ay = ¢y, By = ¢y = 0. Since 4,, individual at the moment of

bocoming infected cannot transmit infection.

Hence,

t

—A¢(xo + yo) + f xgA;_g db
0 (2.16)
—AN + f Agxi_g db
0

dlogx
dt
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An integral equation similar to Volterra’s equation,

£ = () + f N(t,0)p(6)d6
0

dlogx
dt

= A, + 1 j N(t,0)x(6)do
0

Used in resolving Volterra equation

x = fo(&) +Af,(t) + 2,0+ e e .

Substituting this expression in the equation

X
_=x
dt

A+ j tN(t, 9)x(9)d9]
0

and equating the coefficient of the power of A.

d t t
O = FuOAc+ o0 (©) | NEOROIA0 + fu0 [ N(E0)£0)d0
0 0

Foo o+ (D) th(t, 0)f,_1(6)do
0

= Ly_1(t)

This is a differential equation for f,,(t) of which the solution’s

t t
fo(t)e™ JoAedt = fot L,_1(t) e~ fo4%qt 4 constant
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Also f,(0) is zero (n > 0). Since the initial condition are presumably

independent of A. Hence the constants of integration are all zero except f,(0).

dfo( )

= fo(£)A,

fo(t) = fo(0)edaAedt

So that f,(0) = x,. The integral equation

- bty (t
X=XOEt+z/1nEtJ nl()d
n=1 o b
S (FLnpa (D)
Xo + 2 ,1"] e AL
n=1 o Ee
(T Ln1(2)
Xo + z J dt (2.17)
n=1"0 Ee

=Et

X=Et

dlogx
dt

t
= At +.[ Qt_QXQdQ
0

—Zzt

Multiplying both side by e *" where the real part of z is positive and

integrating with respect to t between the limits zero and infinity

i dlo x i 0

j g f _ZtAt dt +f th Qt_QXQdQ dt
0

0 0
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Therefore

—log x, + jz e Zlog xdt = F(z) + J e‘ZthdQJ e %t x, dt
0 0
== F(Z) + Fl(Z)J e_Zt Xt dt (2.18)

where F(z) is written for [ Ooo e %' A, dt and F, (z) for | ;O e %9 Qyd0b.

Thus,

o0

f e ?(zlog x — F(2)x)dt = F(z) + log x,
0

j(,b(x, z)Y(z,t)dt = y(2) (2.19)
0

where the functions ¢, ¢ and y are known and x is a function of t. z may have

any value provided that its real part is positive.

0

o0 o t
dlogx
0 00

0

log — JAQdH-fvtdt+yojAtd6
0 0
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Put A for [ OooAt dt and use the relation,

6

dx
fvtdt= I dt = xg — X
0

0

X
log x—o =A(xg — x,,) + Ay, = A(N — x..)

o0

N—Xx4

Let us introduce the value p = , Then x, =N(1-p) and

1-p _
log vy AN, (2.20)

This equation determines the size of the epidemic in terms of A, N and y,.

The equation (2.15) in a similar manner,
fyt dt = ijBng
0 0

Thus [ OOO Byd0 is the average case duration.

0 t 0
dlogx _
j =|e ZtJAgvt_gdH dt+y0f e LA, dt

0 0 0

=fe‘ZtA9d9fe‘Ztvt dt+y0je‘ZtAt dt
0 0 0
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Therefore,

fo - dlogx dt

e~7tA,dt = _dt (2.21)
bf Yo + fo e Zty, dt

a+ioo

1
9 = 2—7_” J e?t FZ(Z)dt (222)
a—ioo

By Equation (2.15)

0 0 t [
je‘”ytdt = f e‘thBgvt_gdH dt+yoje‘ZtBtdt
0 0 0 0

ety dt
Je‘ZtBtdt _ . Bl (2.23)
, Yo + J, e #v.dt
1 a+ioo
Bg % et F3(Z)dt (224)
a—io

If F,(z) and F5(z) can be expressed as rational function of z, then in

place of Laplace’s transformation.
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Special Cases:
The earlier stage of an epidemic in a large population:

During an earlier stage of an epidemic in a large population, the number
of unaffected persons may be considered to be constant. Since any alteration is

small in comparison with total number.

o0

j Agvt_gdg + Atyo
0

dx_

——=py. =N
dr ¢

Where N is this constant population per unit area using Fock’s method.

z ® -zt
f oty dt = Ny, [, e™* A, dt
0

_ 2.25
1-N [ e2A,dt (225)
1 a+io
Ve =S j e’ F,(z)dt (2.26)
a—1o

0 0 t 0
fe‘” y, dt =fe‘ZtJBevt_9d6 dt+y0f e Z'B, dt
0 0 0 0

= f e ?ty, dtf e %% B,do +y0fe‘ZtBt dt
0 0 0

_ Ny, foooe‘Zt A, dt foooe‘Zt B, dt
1-N [ e?tA.dt

+y()je_2t Bt dt
0
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Yo fooo e ?t B, dt

— — 2.27
1— Nfo e ZtA,dt (2:27)
Thus,
1 a+io
ye =5 j e”t Fy(z)dt (2.28)
a—1owo
t
Vi = JBt_gvng + BtyO
0
t 6
= NjBB—t jAe_Zdez + Agyo |dO + By,
0 0

t (7] t
yt =N .[ Bt_g .[ Ae_ZdeZde + Nyo f Bt—GAGdQ + BtyO
0 0 0

t 7] t
=N .[ At_e .[ Bg_ZdeZde + Nyo f At_QBQdQ + BtyO
0 0 0

t

=N j Ar_g(¥o — Boyo + Boyo) dO + B,y
0

t
=N J A¢_gYo dO + By (2.29)
0
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The equation for v, , was given as,

t

Vto = JAevt—e,ode
0

1 fa+iw " NO p
Vg = — e — A

Thus v,y = v, except in the short interval of time O to € and during this

interval the integral equation does not hold. But instead | OE Vg o dt is equal to yj.

Thus, vt’o = vt’o - ve’o + ve’o

t €

= JAt_g Ug'ode + JAt_g Ug,ode

€ 0

t €
= jAt_g Vedl + At_e’fve,o dfd where 0 <€'<€
0 0

t
== .[ At—e v0,0d6 + Atyog
0

Then,

a+ioo
vt,O = 2_77,'lf eZt F(Z)dZ

a—ioo
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Where

Yo

F(z) = —
( ) 1 —fo €_ZeAgd9

Let us denote this by 131_014'

In the new form,

Yo _ Ayo
ot 1-_4"1-4

Fy(z) = —y

Now if v; has no singularities, the Laplacian solution of F,(z) is a
function with no singularities and so the Laplacian of y, corresponds to the

singularity.

fCl‘l‘iOO

: .1 :
The Laplacian solution py e?t (—y,)dz corresponds to a function

a—ioo

at the origin that | OE ¢ (t)dt tends to y, as € tends to zero.

fa'l'iOO

.1 :
The expression Py e?' (—y,)dz may be taken as representing a

a—ioo

function with same properties as v, — v, q.

€
f(vt - Vt,o) dt = =y,
0

when € becomes very small.
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The values Ag and By from observed values of v; and y,

1 a+iwo foooe_ZtUtdt
Ag = — e?t = dz (2.30)
2mi ), Nyo + N [ e~#v,dt

and

1 a+ico Ooe—Zty dt
By =—_j e?t J — dz (2.31)
2mi)ois  yo + N [ e ?tv,dt

Yn(2)

(D) where

If F(z) can be expressed as a rational function of the form ——=

Y, and ,, are polynomials of degree n and m respectively and n is less than

m. Then it is always

Ars
(z—ay)’

and s vary from unity to a and b respectively and a and b have finite values.

c!
(Z_a)c+1

But [ e et dt =

_[ renydt = z z (z— ar)s
Ars
b0 = Z Z G-t ¢

Constant Rates:
The special case in which ¢ and 1 are constants k and [ respectively.

The equations are,
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(2.32)

|

I

=~
=
<

|
<

andx+y+z=N
k X9
Then— I[((N—x—2) and—= —Tx,log ~ =7

Assume that z; is zero.

dz
=I(N — —-k/lz __

T (N — xqe z)

Assume that k /[ z is small compared with unity.

dz
dt

kaZZZ
=I{N —x9+ (k/lxy — 1)z — 2

But N — x, = y, where y, is small. The solution of this equation is,

1> (k Vv
z=—{—x0—1+ —q tanh qut—qb} (2.33)

k?xq (1

N |

k X 2 2
where ¢p = tanh™! lﬁ and \/—q = {(Txo — 1) + 2x4 Vo 1_2}
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CHAPTER 111

A SIMPLE STOCHASTIC EPIDEMIC

Introduction

The usual deterministic epidemic curve gives the rate of change with
respect to time of the total number of cases. While the most appropriate
stochastic analogues is probably the curve of the rate of change with respect to
time of the stochastic mean. In some process stochastic means are identical with
deterministic values but this is not the case is epidemic process. It is worth
remarking in parsing that the rather unexpected smoothness of observed
epidemic curve is most likely to be due to the partial ironing out of statistical
variations by summation over finite periods of time and by summation over
relatively isolated epidemic occurring simultaneously is subgroup of the main
population.

In which none of the infected individuals is removed from circulation by
death recovery or isolated. This is admittedly on over — simplification but apart
from providing a possible basis for more extensive investigations.

The analytical difficulties present in the treatment of the simple epidemic
appear here in a more from through it has proved possible to compute the
frequency distribution of the total size of the epidemic for moderate group given
the ratio of removal to infected rate. An important result is the problem of the of

the distribution of multiple cases of disease in a household and a method is
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given for obtaining maximum — likelihood estimates of the ratio of the removal
to infection rate.
The Importance of Stochastic Means in Epidemics

Let us assume that the probability of a new case occurring in a small
interval of time is proportional to both the number of susceptible and the
number of infectious individual.

These original epidemic are not necessarily in phase and often interact
with each other. Consider a single town or district. Each here it is obvious that a
given infectious individual has not the same change of infecting each inhabitant.
In close contact with a small number of people only perhaps of the order of 10 —
50 depending on the nature of his activities. The whole district will there be
built from epidemic taking place in several relatively small group of associates

and acquaintance.

.. .. ) 1
The co — efficient of variation of the total number of cases will be N

times the co — efficient of variation of any one of the groups. The larger the
value of k. The more nearly will the curve of the total number of cases approach
in shape the curve of the stochastic mean for a population of size n and expect
the overall epidemic curve to approach in shape the curve of the rate of change

with respect to time of the stochastic mean.
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Deterministic treatment of a simple epidemic
Let y be the number of susceptibles at time ¢t and let § be the infection
rate. Then the number of new infections in time dt is py(n — y + 1)dt replace

t by [t. The deterministic differential equation is

dy

2= Y—y+1)

Initial condition y = n when t = 0. The solution is
y=nn+1)/{n+ et}

Thus the deterministic epidemic curve is,

Z = dy = +1
== y(n—y+1)
n(n 4+ 1)Ze(n+1)t

{n + e+Dt}2

(3.1

The curve reaches a maximum. When,
t=logn/(n+1), y=1/2(n+1) & z=1/4(n+ 1)?

It is clearly symmetrical about t = logn/(n + 1).

The latter does not seem to satisfy the apparent initial condition there
must be misprint.
Stochastic treatment of a simple epidemic
(a) Solution of stochastic differential difference equation

Let us replacing t by St on the assumption of homogeneous mixing the

probability of one now infection take the interval dt is y(n — y + 1)dt.
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Suppose that p,-(t) is the probability that there are r susceptibles still
uninfected at time .

The stochastic differential — difference equation

dpr(t) B
=r+1)(n—-—7r)p,,(t)—r(n—r+ Dp,(t), r=0,1,....
an = Wn

Let us now use the Laplace transform and its inverse with respect to time

given by

¢ (1) = jwe_“qb(t)dt, R(A) >0,
° (3.3)

1 c+ico

() = —J e p*()dA,
2T ) . _joo

fC+i(1)

c+ico .
where [ . " = lim

. ,and c is positive and greater than the abscissae of
wW—>00

—i
all the residues. Using the boundary condition

pr(0)=1, (r=n)

=0 (r<n)
The recurrence relation
0= )L(.: :(i)gnr_:i) rsv, T=(01, . (n— 1))
and
1
=7 +n

where q, = p; = [" e *p,(D)dt
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n—-r+1
qr_M/H(/1+](n j+1) 0<r<n

If r=>1/2(n+1) then the factor in the denominator are all different
while if r < 1/2 (n + 1) some of the are repeated.
A+ +2n-DH2A+3(n =2} .. A +r(n =1+ 1)}?
A+@T+Dn-1)}...... x{A+(1/2n-1)(1/2 n+2)}?
{A+1/2 n(1/2 n+ 1)}? for n even

and

A+ +2n-DHA+3(n =2} .. A +1r(n =7+ 1)}?

2
A4 @+ D=1 o X{/1+(n2_1)(n;3)}

(n+1)?

{1+

} for n odd

Thus all terms after the (r — 1)th are squared unless ‘n’ is odd in which
case the least term is not squared.

The denominator like {A+r(n—7r+1)} and A +r(n—7r+ 1)}?* will
give rise to, exp{—r(n—r + 1)t} and t exp{—r(n —r + 1)t} respectively.
The coefficient of the latter terms are simply the coefficient of the

corresponding terms in the expansion of g, in partial fractions.

= ()" 3.4

DT A2 A+ 2n=103% ] (34)
1 kr Ir

=z+;{{l+r(n—r+1)}2+{/1+r(n—r+1)}2} (3-2)
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where

—(mN2%(n—-2r +1)?

kr = @41 =7+ DY iertnoren = 33 r—D!In—-r!(n—r+1)

(3.6)
Now if the probability generating function is,
n
n(6) = ) Ape(0) (3.7)
r=0
Then it can seen from (3.7) that m(x, t) satisfies the partial differential
equation
o (1— om  0%m 28
ot~ "ax T Yox (3.8)
The boundary condition
m(x,0) = x™ (3.9

The equation for the moment generating function M (6, t) are derived (3.8)

& (3.9) writing x = e?, Then

aM—(-e 1)1( +1)6M o 3.10
ot \° T %0 T " ae2 (3.10)
The boundary condition, M (6, 0) = e™ (3.11)
Suppose that the rth moment of the distribution of y is m,. then,
2
M) = 1+m§9+m’27+---... (3.12)

In (3.10) and equate coefficients of 6 to give the following set of

differential equation
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dm; ) )
= —{(n+1)m; —my}

dt
dm,
Fra +Hn+ 1)m; —my} —2{(n + 1)m; — m3} > (3.13)
dm;
2= —{(n+ Dm) —mp} + 3{(n+ D)my — ms} — 3{(n + 1)m} — my})

dt

These equation while capable of giving the higher moment in term of m;

when the latter has been found.

my
(3.14)

m,=n+1)m; +
2 ( ) 1 dt

are not so convenient for finding my itself. Since all the moment are known

when t = 0. In fact,

nn—2 nn®*—-8n+8
my =n—nt—¥t2 _n 3 )t3+. (3.15)

The coefficient of 8 in the partial differential equation for the moment
generating function for the simple differential equation for atleast the early
moments, fails to be of service in the case of stochastic epidemic processes.

(b) Stochastic Mean Values

Let the transform of the probability — generating function be,

' (x,A) = ) x"q, (3.16)
The equation
1
T[*(X, /1) = Z
) e ) 317)

+Zl{{/1+r(n—r+ DY G +rn—r+ P
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where f,.(x) and g, (x) are polynomial in x.Then,

m(x,t) =1+ z{tfr(x) + g,(x)}e T+ (3.18)
r=1
Therefore,
0
Mi(E) = == lemy = ) (4 (1) + gr(1))e 7T (3.19)
r=1

Now the transform of (3.8) show that m*(x, A1) satisfies the differential

equation

’n * . .
x(l—x)w—n(l—x)ﬁ-kln =X (3.20)

Substitute (3.17) in (3.20)
A+r(n—r+DPandputd=—r(n—r+1)
x(1—x)f" " —n(1-x)ff —r(n—r+1)f, =0 (3.21)
fr(x) =CF{—r,—n+1r—1,—n,x} (3.22)
where F is a terminating hypergeometric series and C an arbitrary
constant. Substituting this value in (3.22) differentiating with respect to x and
then putting x = 1, gives

, dF
fr (1) = k, a lx=1

rm—r+1
= —k, ( - )F{—r+1,—n+r;—n+1,1}

Therefore,

n!(n—2r + 1)?
n—r)({r-1)!

fr() = (3.23)
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Specimen values of these co — efficient occurring in the expression for
mj (t) given by (3.19) are

() \
n(n —1)?
nn—1mn-3)?/1!
n(n—1)(n—-2)(n—-5)2%/2!
nn—1mn-2)(n—-3)(n—7)?/3!

% (3.24)

el W N R =

J
Substitute and multiply by {1 + r(n — r + 1)}? differentiate with respect to
Aandthenput A = —r(n —r + 1)
x(1=x)gy —n(l—x)gr —r(n—r+1)g, = —f;
(3.25)

Let us derive the series solution for g,-(x) in terms of the known f,-(x)

g{(l)zn—n(n—l)(1+l+l+--- ...... + 1 ) (3.26)
2 3 n—2

Completion times

Let us call an epidemic complete when all the available susceptibles have
been exhausted. Now P, () is the probability that the epidemic is complete at
time 7. Since the number of susceptibles is a noon — increasing function. P, (1)
is also the change that the epidemic has been completed in the interval from 0 to

T.
. N : d .
Thus P,(7) is the distribution function and % the frequency function for

the completion time 7.
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The moment generating function for

M,(6) = Ee 0"

fPO ef" dr

0

= —0qy(—6) for8 <0

Since Py(0) = 0, Py(0) =1
Therefore M, (6) = —0q,(—6)
Substitute for g, in (3.4) then,
M. (6)

(n})?

B H;'l:1{_9 +jn—j

=1_“1_j(n

j=1

+ 1)}

-1
D)

The cumulate — generating function is then given by,

0

K. (0) = zlo {

()= TU 7=+ D

The rth cummulant is evidently,
n
Ko=)y e

VAV CEY ES

]=
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D)

time 18,

(3.29)

(3.30)

(3.31)

(3.32)



Each term on the right — hand side of (3.32) can be expanded in a series

of partial fractions.

s \
K, =2(r— 1)!2 apSp
p=1
wherea, =7 (r+1) ... Qr—p+1)/r—p)!n+1?P({p<r)
1
- > (3.33)
DT
n
p 1
and s, = —
ot J
The first four cumulants are,
—_ 2% )
17 n+1 51
4 2
K2 = G 51t G 2 . (3.34)
24 12 4
37 (m+1)s S+ (n+1)* S2+ (n+1)3 53
240 120 48 12
7 (m+1)7 S+ (n+1)6 S2+ (n+1)5 S3 + (n+1)* Sa )
Then,
Si(n) =y +1) —y(1)
—1)p-1 3.35
5,00 = S B ) -y W) > 1 )

The asymptotic formula by using the well — known expansions
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1
S;(n)~ logn+y+ ———————

1 1 (1 B,m\1 B,(p+2)\1
Sp(n)"'{f(p)_(p_l)np_l}‘Fn—p{E—?(l)E—Z( 3 >$}

(3.36)
It is evident from (3.34) , (3.35) and (3.36) that for large n
K, = {logn+y+0(n 1)}
("z“ 1_) . (3.37)
-1
= () A0 0> D)

Thus the co — efficient of variation is asymptotically equal to

/2 \3logn (3.38)

53



CHAPTER IV

THE TOTAL SIZE OF A GENERAL STOCHASTIC EPIDEMIC

Stochastic models have a special importance in this context due to the
fact that for epidemic processes stochastic means are not the same as the
corresponding deterministic values. Although for large homogeneously mixing
groups deterministic methods might be fairly adequate, it seems likely that in
practice epidemics actually occur in several relatively small groups of friends
and acquaintances, the epidemiological returns for an administrative unit being

compounded of many such comparatively distinct processes.

Deterministic treatment

Let us consider a homogeneously mixing community of n individuals, of
whom at time t there are x susceptibles, y infectious cases in circulation and z
individuals who are isolated, dead, or recovered and immune. x +y + z = n.

Now suppose that there is a constant infection rate f and a constant
removal rate y, so that the number of new infections in time dt is fxydt and
the number of removals from circulation is yydt. Let us choose our time scale
so that t is replaced by St. Then it is easy to see that the course of the epidemic

is represented by the differential equations
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dx \

a7

dy

- — \ 4.1
ik 07 (4.1
dz _

where p = y /B, the ratio of the removal to infection rate. Initially, when
t = 0, let us assume that x is approximately equal to n. It is then clear from
(4.1) that unless p < n no epidemic can start to build up as this requires
[dy/dt]i=o > 0.

If p = n — v where v is small compared with n an epidemic of total size
2v will occur. If the initial density of susceptibles is n = p + v then the
introduction of a few infected persons will give rise to an epidemic after which
the density of susceptibles is reduced of p — v a value as for below the
threshold p as originally it was above it.

Stochastic treatment:

The assumption of homogeneous mixing of the susceptibles and
infectious individuals in circulation the probability of one new infection taking
place in time dt is xydt, while the probability of one infected person being
removed from circulation in time dt is pydt.

Let p,(t) be the probability that at time t there are r susceptibles still
uninfected and s infectious individuals in circulation.

The partial differential equation for the probability generating function II
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61'[_(2 )62H+ a )61’[ 42
at_” ””auav P ”av (4.2)
where
M= z U vpg (4.3)
7,8
withlimits 0 <r4+s<n+4+a, 0Zr<n, 0<s<n+a

Let us now use the Laplace transform and its inverse with respect to time

given by

¢ (1) = jwe_“qb(t)dt, R(A) >0,
° (4.4)

1 c+ioo
p(t) = z_m'J_. et p*(D)da,

Taking transforms of (4.2) and (4.3),and using the boundary condition

Pna(0) =1, 4.5)
Let us obtain
(v? ) ZH*+ (1 )an* A +u™v® =0 4.6
% uvauavp vav uv® =0, (4.6)
and
I = Zurvsp;*s = Z u'viq, (4.7)
r,S r,S
where
Qrs = p;s = f e_ltprs(t)dt (4-8)
0

Substituting (4.7) in (4.6), and equating coefficients of u” v®, yields the

recurrence relations
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(T + 1)(5 - 1)Qr+1,s—1 - {S(T‘ + ,0) + A}QTS + p(s + 1)Qr5 =0
and —{an+p)+ g +1=0,; (4.9)
with 0<r+s<n+a 0<r<n O0<s<n+a.
Any q,;whose suffix falls outside the prescribed ranges is taken to be

identically zero. Using the inverse of the Laplace transformation then arrive at

the required p, exhibiting them as sums of exponential terms like e {U+P)t,

Now the epidemic ceases to spread to fresh susceptibles as soon as s = 0.
Thus the probability of an epidemic of total size w is

B, = lim Pr—w,0(t) 0<w<n),

= lim Aq,,_
150 qn w,0

= lim _
Jm PAn-wa,

puttingr =n—wand s =0 (4.10)

= pfn—w,lr (4.11)

where

frs = 1im}t—>0 Qrs,

4.12
for 1<r+s<n+a 0<r<n, OSSSn+a} (4+12)

The quantities f,.¢ evidently satisfy the following recurrence relations
obtained from (4.9) by writing f,. for g, and putting A = 0,

r+ D6 —Dfrrrs-1—sC+p)frs +p(s+ Dfrsi1 =0
} (4.13)
and —am+p)fa+1=0,

_nl(r+p—1DlpnteTs

i srl(n+ p)! (4.14)

gT'S
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Substituting in (4.13) gives

Ir+1,s-1 — Yrs + (7‘ + p)_lgr,s+1 = 0} (4.15)

Gna =1
Thus the progress of the epidemic can be regarded as a random walk from
the point (n,a) to the points (n —w,0),w =0,1, ... ... ... ,n with an absorbing
barrier at r =0 and where the possible transitions from (r,s) are
(r,s) > (r—1,s+1) , occurring with probability r/(r+p) and
(r,s) = (r,s — 1), occurring with probability p/(r + p)
Thus,

paw (")

PW=p+n—W(n‘fl—lp)z(:o"‘")_ao(P-Fn—l)‘“l ...... (p+n—w)
w a

(4.16)

where the summation is over all compositions of a + w — 1 into w + 1 parts
suchthat 0 < a; <a+i—1for0<i<w-1land1<a, <a+w-—1.The
purposes of computation there appears to be some advantage especially if n is at
all large in calculating the quantities p,, from (4.11), (4.14), and (4.15) instead
of from (4.16). The relative removal rate p is large epidemic tend to be small

and conversely,
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Household distribution of cases:

The first case in a family would arise from an outside contact while
subsequent cases would occur through contacts within the family. The
frequencies of the final number of cases observed can then be found in terms of
a parameter p such a model is quite adequate for measles and satisfactory tests
of goodness — of — fit were obtained for the data available, merely by equating
observed and expected means. Equation (4.11), (4.14) and (4.15) can be used as

before to calculate the quantities p,, for small values of n.

In partially solving the recurrence relation to give g, as a linear function

of gr41; i = (s —1),......(n —1). The requisite formula are easily found to
be,
n-—r \
Grs= ) @+ gy (5> 1)
h - r2 > (4.17)
N )
In1 =1 J
n=1

po=p/(p+1) p=ay/a I, =N/p(p+1)°

p1=1/(p+1)
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po =p/(p+2)
p1=2p*/(p+2)(p +1)*
p.=22p+1)/(p+2)(p+1)*

dL ay+ a, 2a, 2(a, + a,) N
_— + -_ -
dp p 2p+1 p+1 p+2

po =p/(p+3)

p1 =3p?/(p+3)(p +2)°

P2 =6p°(2p+3)/(p+3)(p +2)*(p + 1)°

ps = 6(5p° +12p* +8p +2)/(p + 3)(p + 2)*(p + 1)°

dL_aO+2a1+3a2+ 2a, +(15p2+24p+8)a3
dp p 20+3 5p3+12p2+8p+2

3((12 + a3) 2(a1 + az - a3) N

p+1 p+2

po =p/(p +4)
p1 = 4p*/(p +4)(p + 3)*
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P2 =12p°2p+5)/(p + 4 (p +3)*(p + 2)°

ps = 24p*(5p + 27p* +47p + 27)/(p + D (p + 3)*(p + 2)*(p + D*

ps = 24(14p°% + 93p5 + 235p* + 293p3 + 197p% + 74p + 12) /(p + 4)
(p+3)2(p+2)°(p+1D*

dL  ao+2a, +3a, + 4a;g N 2a, N (15p% + 54p + 47 )as
dp p 2p+5  5p3+12p2+47p + 27

N (84p° + 465p* + 940p3 + 879p? + 394p + 74)a,
14p° + 93p> + 235p* + 293p3 + 197p% + 74p + 12

4(as + ay) 3(a; +as+a,) 2(a;+a,+as+a,)

p+1 p+2 p+3
N
p+4
n=>5
po =p/(p+5)

P =5p*/(p+5)(p +4)?
P2, =20p°2p+7)/(p+5)(p+4)*(p+3)°

ps = 60p*(5p3 +42p? + 116p + 106) /(p + 5)(p + 4)?(p + 3)3(p + 2)*

_ 120p°(14p° + 177p° + 910p* + 2443p> + 3626p> + 2836p + 918)
Ps (P +5)(p+42(p+330m+2)"(p+1)°
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dL ao +2a; +3a, + 4az + 5a, N 2a, N (15p% + 84p + 116 )a,
dp p 2p+7 5p3+42p%+116p + 106

s (84p5 + 885p* + 3640p3 + 7329p% + 7252p + 2836)a,
14p6 + 177p5 + 910p* + 2443p3 + 3626p2 + 2836p + 918

(420p° + 5364p® + 28832p7 + 85680p° + 1556465
+180720p* + 136244p3 + 65856p + 18912p + 2448) a
14p6 + 177p5 + 910p* + 2443p3 + 3626p2 + 2836p + 918

5(a, + as) 4(as+a, +as) 3(a,+a;+a,+as)
p+1 p+2 p+3

2(a +a,+a;+a,+ag) N
p+4 p+5

The values of n as small as 1 to 5,it is probably just derive the p,, straight

from Foster’s formula (4.16).
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CHAPTER YV
THE OUTCOME OF STOCHASTIC EPIDEMICS
Introduction

Bailey has considered a Stochastic Epidemic model of the type set up by
Barlett and shows that the probability distribution function {P,} of the ultimate
number of infected individuals is calculated by solving a set of doubly recurrent
relation . These same probabilities are obtained by the solution of a set of singly

recurrent relations by Whittle in this chapter [39].

The growth of a stochastic epidemic in a closed population is a very
challenging one. A temporally homogeneous Markov process having a finite
number of states and yet there is great difficult in finding out anything useful

about the sample “epidemic curve”.

Let BsAt be the probability that an infectious individual is removed in the
infinitesimal time interval (t,t+ At) and let A,sAt be the corresponding
probability that a new infection takes place. No particular form is assumed for

the function A, at the moment.

The development of the probabilities p,. is then governed by the relations

d

a Prs = Ar+1(3 - 1)pr+1,s—1 + B(S + 1)pr,s+1 - (ArS - Bs)prs (51)
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(/1 + Ars + Bs)qrs = Ar+1(5 - 1)Qr+1,s—1 + B(S + 1)Qr,s+1 + 511,1"5

If the transformation,

Qrs =_]. e~ prs(t)dt
0

(5.2)

(5.3)

is performed. As Bailey observes, the probability of an epidemic of total size w

is then

P, = Bfn—w,l (5.4)
frs = }1111% Ars (5.5)
Establishment of the recurrence relations
ho=0 hs=sfs (=12, ......) (5.6)
-5 5.7
T4 +B 57
Ar+1
= 5.8
ﬁr Ar + B ( )
Then the equation for the f,; take the form
hrs = arhr,s+1 + ﬁrhr+1,s—1 (5.9)
6615 _ _
hps = aphpsi1 +Pul-—) =n—-1n-2,.....,5s=12,) (510)
Api1
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Let Hr(x) = Z?:l hrs astt

x2

H.(x) =

X —a, [ﬁrHr+1(x) - arhrl] (5.11)

The direct solution (5.9) show that

hyy = % Hy 1 q1(ar) (5.12)

T

as indeed it must if the expression (5.11) for H,. is to constitute a finite series in

X.
Brx?
H,(x) = —— [Hy41(x) — Hry1(a;)] (5.13)
T
A relation with certainly holds forr =n—1,n—-2,...... and also forr = nif
introduce a function.
a
Hpp(x) = 7 (5.14)
n+1
_ ﬁn—w
Py =B Hy-wi1 [an - W] (515)
a?’l—W

The equation (5.13) and (5.14) H,,_,,+1(x) can be expressed in terms of
Hy,_wi2(@p_wi1), oo - Hy(ap—1), Hppr(x) . x = a,_,, in this expression and

substituting for the H,,; (a,.) from (5.15)
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u
g an—w
Kn—u‘l'l,n—u ,Kn_u+2’n_u, TRTERTI T K - pW

e n—wn—-u
Brn-w
w=0

) s, (516)

= Kn—u+1,n—u ,Kn_u_{_z’n_u, T .Kn'n_u <A
n+1

“sz Br

As— Ay

where K, = 1, K, = (r #s) (5.17)

for u = n reduces to

ipw =1 (5.18)
0

complications arise if any of the A,'s are equal. When this happens P,, involves
not only H,,,;(x) but also its derivatives. In this direction is that for which 4, is

constant for r > 0.

A=A (r=1.2,...... )} (5.19)

AO == 0
The appropriate modification of (5.17) may be derived by a repeated
application of de L’Hospital rule and may be shown by induction to have a
solution,

b AY B a(a+ 2w —1)!
Y (A+ B)etzw Wl (a+w)!

n-—1
Pn=1—ZPW
0

(5.20)
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A =C, (5.21)

where C 1s constant,

_ B _Cr+ 1))
=B+, " B+C,
> (5.22)
K = B(r+1) _a(r+1)
ST (B4+Cs)(r—-s) r—s J

u n—w n
Z ( )a,;zvu P, = ( ) a® (=012 ....,n)  (523)
fyppunrd n—u u

For computational purposes it is convenient to consider instead of P, the

quantity.

(n—w)!

Qw = T By (5.24)

-w a
an 2y Qu _ On—y

=0(u—w)! ul

(5.25)

w
The Probability of Epidemic

A comparison formula for establishing behaviour of more refined models.
The model upon which it is based is a perfectly valid one which for quite large
ranges of w is more realistic then that corresponding to assumption (5.22).

Since this assumption requires that the population mix homogeneously.
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The casea = 2,n =30,p =B/C =30B/A =10

w 0 1 2 3
A, =3 0.0625 0.0235 0.0110 0.0058
P, A, =01r 0.0625 0.0251 0.0122 0.0078

An epidemic has taken place if the total proportion of susceptibles which
become infected exceeds a predetermined fraction y. With this definition the

probability of no epidemic is

1, = z P, (5.26)

Assume that in all three cases the infection intensity is non — decreasing

with increasing
Ar+1 > Ar
re1 > Ay

144 = 1
Ar+1 > Ar

(r=012 cuu.,) (5.27)

The range n>1r > n(1—y) the intensity for the first model lies

uniformly between those for the other two

ALS A S AY (5.28)
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It is then intuitively evident that

ny ny ny
Z P < Z P, < z pn (5.29)
0 0 0

Suppose now that the intensities for those two comparison models have

the constant values

A=A,

K (r > 0) (5.30)
Ay = An(l—y)}

Ay = Ay = 0 condition (5.29) is thus fulfilled and the inequality (5.30)

becomes
ny ny
z S, (A) 27, = z Suw(An—y) (5.31)
0 0

Consider now that partial sum Zgy S,y (A) as n becomes large

Swy1 _ AB (a+2w+1)(a+2w)< 5AB
Sy, (A+B)?2 w+D(@+w+1) ~(A+B)?

(a+1)(a—5)
> 6

If w (5.32)

The quantity 5k will be less than unity except for the case A = B. It

exclude for the moment

ny [o'e)
D 504 = ) Su(d) = Ry (A) (533)
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where,

Ry, (4) = Z S (A) < Spysr(A) [1+ (5K) + (5k)2+.. .

ny+1

a

ZO:SW(A) - (AiB)a

_[A+B-[la-B]"
o

1—-4(—-5k)

2k

Combining (5.32), (5.34), (5.35) and (5.36)

An + B — “An _Bl]
24,

] +0[(5k)™] 2,

2 [Anu—y) + B —[|Ana—y) — B|]]"
2An(1—y)

— — a
An > B, Ap—y) > B; (B/A)* 21, Z (B/Anii—y))

An > BJAn(l—y) < B; (B/An)a < Ty, <1
An < BrAn(l—y) < B; T[y =1

pn = B/C =nB/A,
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(5.34)

(5.35)

(5.36)

(5.37)
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The ratio of removal and infection rates for a population of size n:

For p, <nand pn1-y) < n(1 —y),the probability of epidemic lies between

1-— (’;—")a and 1 — (%)a

For p, <nand py1—y) > n(1 —y), the probability of epidemic lies between

zeroand 1 — (’;—")a

~"

For p, > nand py1—y) > n(1 —y), the probability of epidemic is zero )
(5.39)

Since for large n the ratio p,,/n = B/A,, will tend to an almost constant

value statement (5.50) roughly condensed to,

For p, < nthe probability of epidemicis 1 — (pn/n)q} (5.40)

For p,, > n the probability of epidemic is zero

The probability completion is of fairly constant magnitude for small w, roughly
of order (1/2)%. As the number of susceptibles diminish, however the critical
value of p with full and it seems likely that the epidemic will eventually be

halted although only after having made appreciable inroads on the population.

The probability distribution B, of (5.25) presents two different forms
according as A is less than or greater than B. In both cases B, dwindles with
increasing w and if the population size is large enough to permit w to take large
value P,, will finally approach zero. In the case A < B the sum of the B, up to

this stage will approach unity.
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In this case A > B this sum will have some value less than unity (1 — a).

So that P, must have a finite value « if relation is to be fulfilled.

For large n the probability of no epidemic

ny
7, = z S, (A) (5.41)
0

will be equal to the area under the initial part of the curve: Unity if A < B, a if

A>B.

The fact that all probability mass which does not fall in the first
J — shaped part of the curve falls at w = n indicates that either the epidemic

keeps with in bounds or else it infects the entire population.

Models with varying A show a similar, although less extreme behaviour.
Thus the distribution curves calculated by Bailey are either J — shaped or
U — shaped, depending upon the relative value of the removal ratio and the

population size.

The J — shaped curve corresponds to cases in which the infection is
almost certainly confined to small proportion of the population and so
B(z) = B whenz = 0and B (z) < B when 0 = z = p. From this we infer
that the K and K approximation consistently underestimates the infection-rate

and so it will underestimate the total size z(c0) of the epidemic.
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CHAPTER VI
THE DISTRIBUTION OF THE TOTAL SIZE OF AN EPIDEMIC

The distribution of the total number of cases in an epidemic of the
general stochastic type for a closed population. The recurrence relation from
which the required probabilities were computed numerically. This calculations
reveled a gradual transition from j — shaped distribution containing only small
epidemics for population size below the threshold to u — shaped distributions
containing either large or small epidemics but practically no epidemics of
intermediate size when the threshold is exceeded. There is also an transitional
form of distribution near the threshold value. The main object is to arrive at
approximate formula for the distribution of the total epidemic size with are

appropriate for large population given by [8].
The Deterministic Model

Suppose that at time t there are x susceptibles, y infectives and z

recovered or dead in the population.
Initially take x = ¢,y =1,z = 0, so that,
x+y+z=¢&+7
The deterministic equations are

dx dy dz _ 61
Tr = T g =Y TPV =Py (6.1)
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where p is called relative rate.

Then Z—z = —% and x = & exp(—z/p) for all t. At the end of the

epidemic y =0,z=¢ +7n —x and the number x of individual remaining

uninfected satisfies the equation

x exp(=x/p) = & exp[—(§ +n)/p] (6.2)

Suppose that ¢ and p large and n/p is small. There are two values of x
satisfying near the respective roots &,&' of x exp(—x/p) = exp(—&/p). A

first approximation

__né
x=9 /(p—f) (63)

where & > pthe required root is near ' < p and approximately,
=6 =" f g (64)

then & > p and &' /p is small.

3
x~&'~Ee”/p (6.5)
The Stochastic Model

The transition in (¢, t + 8t) are (x,y) — (x — 1,y + 1) with probability

xy 8t + 0(6t) and (x,y) — (x,y — 1) with probability py 8t + 0(6t)
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P(ry) = (r=Ly+ D} =%/, |

P{(x,y) > (x,y—1} = P/(p ) (6.6)

where initially x = &,y =n and absorption occur on y = 0. An alternative
formulation of the random walk in terms of new cases w = ¢ — x and removals

Z 18 some interest.

P{w,z) > (w+1,2)} = ¢ _W)/(p +E—w)
6.7)
P{w,z) > (w,z+1)} = p/(p rE—w)

The game stops when the player is ruined (W + 1 = z) or when he has
drawn all real pennies (w = &).

Let P(x/&,n) be the probability that there are ultimately x uninfected

individuals. When initially there were ¢ susceptibles and 7 infectives.

S(P(x/é’—1,77+1)""01'3(36/5,n—1)_(/)+E)P(x/€,n):0

§>x,mn=1and

(6.8)
P (%fyp—1) = (0 +0P(¥/x,n) = 0 (69)

with the condition
P (x/E, 0) =6 —x) (6.10)
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where 6(¢§ —x) =0, #x and 6(0) = 1.

n

P(*/xn) = [p/(p +x)]P(x/x,,, 1) = = [p/(p +p| 61D
$—x+1m
(x-fl-s) (p +fc+s) (6.12)
0 VN, (€ p_
P(/E,W)Z;AS (x+S)(p+x+S) (6.13)
If Ay = 1, let us have
= E p §—x+1
6(E_x)=Z)AS (x+s)<p+x+s) (6.14)

The coefficient A; can be determined recursively and hence P(x/&,n)

can be found provided A; is independent of &

A, = (=) (x+S)HS (6.15)
() (E)=C) ¢ (6.16)
Then,
§—x+1m
/f 1 z( PH (p +fc + s) (6.17)
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§-x .
s6-0= 3 (7)) (6.18)
s=0

Their coefficient H; dependent only on x and p. Their value lies in the

fact that a technique is available for obtaining an asymptotic approximation.

When ¢ is large.
Some Exact Results

Since the left side of (6.18) is zero except when ¢ = x, it can equally well

be put in the form

£-x .
s6-0= 3 (7)) (6.19)
s=0

then H; = H,(x,p) and P(x/&,n) = P(x/&, 1, p) to show their dependence on

p it appears that.

H, = Hy(x,p) and P(x/¢,m) = P(x/&,n,p) to show their dependence

on p it appears that.

The exact relation,

E—x+
P(x/f,n'p)=<p+’++s) n(i)p<0/§_x,n,p+x> (6.21)

The equations are with H for Hg (0, p)
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¢
P<O/f»77'p> :2(_)5 Hs (i) (pfl)-s)g n (6.22)

s=0

£
£
_ Ny () (P )
6(¢) Z( )* Hg (S) <p+S (6.23)
s=0
C,b, 1 0 0 0 e e 0 0
c2 ¢
0 19 0 0 0 0
20 1!
c3 C?
2 L
3l 2 0 0
s! :
HS_C_; 1 0
o R S O Coz 1
(s—=1! (s=2)! (s=3)!
Cdg C(.)S—l CZS_Z CSZ_Z
Z0 Cs_
S| (s—1)! (s—2)! 2! st

where C; = p/(p +s) and H, = 1. Substitution is (6.22) give an explicit
solution for P(0/&,7n, p).

Approximation below the Threshold

The problem that H, can also be expressed in the form H, = C;5C,(0).

where

Co C1
C,(z) = s!j dzlj dzy .o ... J dz, (6.24)
VA zZ
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is called Gontcharoff polynomial. j™ derivative vanishes at z = C;. It can be

discovered about the asymptotic behaviour of these expression by using a
technique originally developed for a related problem. But there is an essential

difference here which complicates matters.

In the application mentioned Cs is an increasing positive sequence and

this ensures that C,(0) is always positive.

In this problem Cj is a decreasing positive sequence and beyond a certain
value of s. H; begins to oscillate with increasing amplitude and alternating

sign.

In (6.23) replace & by m multiply it by (—=A)™ (5
m

) and sum fromm =0

to €.

g
I = Z) H, (i) (AC) (A =AC5,6=P/ ) 4 (6.25)

where A is an arbitrary parameter.

1@ = (5) AcH* (1 - 2c) (6:26)

for large £. The range 0 < A < 1 ensures that T;(4) is positive. But A can be

allowed to exceed unity provided T, (A1) remains positive near the root S,.
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Assume ¢ and p are large and write z =5s/¢, dz=1/¢&, C(z) = C;,

T,(A) =T(z,A)dz.

/2 [AC(z)rz 1- AC(z) §1-2)

I ”~[ﬁ] -

- 2nz(1 —z) z 1—-z

[ ¢ ]1/2 {1 [z- /w(z)]}fz {1 N ;w(z)]}f (=2

_aC(p)]2  terms involving
f[; 1 @) + higher powers
z(1-z) of 7 — AC(2)

exp{ —

B [W]

(6.27)

The maximum of T(z, A) is at the unique root of z — AC(z) = 0. z, is
written us, z — AC(z) = (z — z,) [1 — AC'(z,)] and because z — z, is 0(£1/2)

over its effective.

The normal approximation,

1
3 /2 § [1 = AC" (z)]?
@)~ [2nzo(1 — ZO)] exp {_ 274(1 — z) (- ZO)Z} (6.28)
where zy = AC(zp) (6.29)

Assumed that H(z) = Hg,

~.[1H(Z) T(Z,}l)dZ ’VH(Z()) fl T(Zr}l)dz
0 0
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~H(z0)/ [1 = AC"(20)] = H(20)/[ [1 = 2oC"(20)/ C (2))]] (6.30)

H@~1=" Doy

Then C'(2)/C(z) = —&/(p + s) and approximation
Hs~1+s/(p+s)=2—-p/(p+5s) (6.31)

It depends on the assumption that H(z) varies slowly. It fail for large
value of s corresponding to roots for which A causes T;(A1) to oscillate. Also,
small value of s have been excluded by the argument. The approximation value
of s upto about p. An approximation for P(x/¢&,n, p) when & is less than the

threshold p.

Let us substitute (6.30) in the right side of (5.28). It is satisfied for & > 0.

> ) Y O
2]
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1 I —28-1 1 &7, ,2¢
=(€_1)!j;) e [Zu pg]—[g‘l‘;u ,DE+“"“" du

The term in p~¢ vanishes and the loading term is,

—£QO)!/pH/(E - 1)! (6.32)

For large p is small even at { = 1. As £ increases approximately,

—[pe?/8(2)"/?][4¢/pel**? (6.33)

which decreases to a minimum at about & = p/4.

0 - 1 * 2ustn=1 _ $+n
P</E,n,p> (€+n—1)!jo [u ()

(1 — e_u//’)E e “du

n2§+n—-1) e
“ermipt o)

(6.34)

Then from (6.23) the value of ¢ below the threshold p.

npsTXHn

(28 = 2x +7 — 1)!
P (x/f, n,p) - (,0 + x)25—2x+n (i) ~

& —x+n)

w+n

P(¥/ f,n,p) T+ Zp— W)W+

QCw+n-1)!
(f\/) (w+n)!

Since ¢ is large a further approximation leads to the result.
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npwrmiW 2w +n —1)!
(p + &)W+ wl(w+n)!

(6.35)

Approximation above the Threshold

The range of ¢ above the threshold p. It is necessary to study the
behaviour of H at values of s beyond these which can be reached by the
previous method. It has been mentioned that H begins to oscillate violently

when a exceeds a certain value.

A=—-v/(1-v)
and
Hy = (-)[1 - (s)°/C3) K= (-)(s/p) Ly (636)
Then,
§
-0 = K () v - P [1 - v(1 - €I (637)

T, (A) replaced by

U = () (@ - €)1 [1 - v(1 - €I (6.38)

S

which has peaks at the root of

s=v5(1—=C) =vs §/(p+s)

The lower root s = 0 is irrelevant the upper root is S, = vé — p.
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LetH,=1xs/(p+s)+ (—)°(s/p)° Lg (6.39)

Substituting (5.39) in (5.23)

3 § < £-s
5(f—x)~;(1 +p_s|_S> (=) (i) (lo:)-g)E;LS (i) (p-sl—s> <pﬁ-s)
(6.40)
=A+B

The second term B can be expressed as ), L;Us(1) put z =s/& and
Us(1) = U(z,1)dz. The upper root (5.38) is S, = & — p and provided that is for

from zero.U(z, 1) will have an isolated peak z, = 1 — p/& near which

3 ]1/2 {5[1—16'(%)]2
expy—

vz~ [ano(l — Zg) 220(1 — zy)

(z - zo>2} (6.41)

Assume that Lg = L(z).
B~ L(z0)/[1—=C"(z9)] = pLe_p/(§ = p) (6.42)

where ¢ is much greater than p which is itself large under these condition there
is a remarkable simple approximation for P(x/¢,n,p) in the region of large

epidemics. The term in A die any away rapidly and their sum approximates to,

o (g Y
). (= /p)/s! =exp (¢ 7o) (6.43)
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Hence,

pLlep/(E —p) ~— exp(—f e‘f/p) (6.44)

The formula for P(0/¢,n, p) corresponding to (6.40) is

P<O/€,n,p>~i(1 ¥

s=0

+ s) (=)’ (i) <p ﬁ S)“"

E—x+n

+ZL )G+ G

Suppose that 7 is small. Compared with (6.40) to the order of approximation

considered the effect of the extra factor [p/(p + s)]" is to leave the first term
unaltered and to multiply the second term by [p/(p + so)]7 = (p/&)". It

follows that,

P(0/&,n,p)~[1— (p/&E)"] exp (—E7¢/P) (6.45)

then from () for small values of x

X

P(gn,p)~ [1 ‘( /€> ] M ew (~£70) (049

The threshold is large but the population size is much larger the

distribution of the number remaining uninfected in a large epidemic has

approximately the Poisson form with the deterministic mean &e=%/7.
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o, \ npMETT  Qw+n—1)!
p~\"/
( f) (p+w)zwtn  wl(w+n)!

A More Refined Approximation:

When ¢ is not much larger then p.

1 (oe] i i g )
= &-1 _ u/ u
A -D Ofu 2—-u/é) (1 e P) e “du
A= ] Of ve (2 —-v) (1 —e p) e *Vdv (6.48)
Threshold theorems

Rajarshi [34] gives a simpler proofs of two threshold theorems for a

general stochastic epidemic using reflection principle.

A fairly elementary proof for the threshold theorems due to, Williams and
Whittle, simpler than Bailey[3] is given. The proofs are based on an application

of the reflection principle through the ballot problem.

Some important definitions

One dimensional random walk

It is a Markov Chain whose state space is a finite or infinite subset a,
atl b of the integers in which the particle if it is in state 1 can in a single

transition either stay 1 or move to one of the adjacent states1— 1,1+ 1.
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Total size of the Epidemic

It is the total number of removals after the elapse of a very long, ideally

infinite period of time.
Intensity of the epidemic

It is the proportion of the total number of susceptibles that finally

contracts the disease and is denotes by 1.
Relative removal rate

The ratio of removal rate to infection rate is known as the relative

removal rate and is denoted by = y /3 .

Relative removal rate per susceptible

The ratio of removal rate to the number of susceptible is called the

relative removal rate per susceptible and is denoted by 8 = p/n .

Reflection principle

This principle relates to the fact that there is a one to one correspondence

between all paths from A(al,a2) to B(b1,b2) which touch or cross the X — axis

and all paths from A'(al, —a?2) to B.
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Ballot problem

Suppose that in a ballot candidate P scores p votes and candidate Q scores

q votes where p > q. The probability that throughout the counting there are

always more votes for P than for Q = Z%q .

Ballot Theorem 6.1

Let n and x be positive integers. There are exactly x/n Nn, x paths

(51, .......5n = x) from the origin to (n, x) such that S1 > 0 ....Sn > 0.

Proof

Clearly there exists exactly as many admissible paths as there are paths

from (1,1) to (n, x) which neither touch or cross the t axis.

The number of such paths equals

p+q—1)_<p+q—1>

Nn—l,x—l - Nn—l,x+1 = ( p—1 D

R.H.S = N, , (p L q)

ptq

Recently a more direct algebraic proof of the threshold theorem for large
n has been obtained by William. Also an ingenious method of investigating

limiting behaviour more fully has been found by Whittle.
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William’s Threshold Theorem 6.2

If n is sufficiently large then P(6) the probability of a finite epidemic size

o 0tifo<1
is given by P(0) :{1iff9 > 1
Proof

Let {X(t),Y(t),Z(t),t = 0} be a general stochastic epidemic with 8 and
y as the infection and removal rates respectively. Where X(t) is the number of
susceptibles at t, Y(t) is the number of infectious persons at t and Z(t) the

number of removal in (0,t) we assume that
P[x(0) =n,y(0) =a,z(0) =0] =1
Let the intensity of an epidemic be denoted by 1.
Let W = lim;_,,, Z(t) — a be the size of an epidemic.

Then with P(w) = P(W = w) = m; = Yy,i_, P(w) gives the probability

of an epidemic with intensity not greater than 1.

Let us regard the progress of the epidemic interms of the succession of
population states represented by the points (r,s). The process is thus seen as a
random walk starting from the point (n,a) and ending at one of the points

(n—w,0).
0 < w < n, with an absorbing barrier along the line s = 0.
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The transitional probabilities are
Pl(r,s) > (r—1,s+ 1] =r/r+p
and P.[(r,s) > (r,s—1)]=p/r+p

The formula required can be written down more or less directly by
considering the sum of the probabilities of all possible paths from
(n,a) to (n —w,0) . One way of doing this is to take all paths to the point
(n —w, 1) which do not go below the line s = 1 followed by the final step to

(n — w, 0) with probability p/n+p —w

Let us obtain

a+w
n a0 _1\al L NOy
P(W) = [no aE (n+p)%0 (n+p-1)%1 ... (n+p-w)

Where the summation is over all compositions a + w — 1 intow + 1

parts such that
i
j=0

for0<i<w—-1land1<qa, <a+w-—1.

Let A be the collection of all & = («, @4, ... ... @,) such that @; is a non

negative integer for every i.

90



ap+a;+-ap<a+jforj=0,1.2,.. . .w-1

ay=>land ag +a; + - ....+a, =a+w
Then
PO e e e 3] Jor o
Q€A T=0
For a fixed w, ( and a sufficiently large n),
nn—1)...... (n—(w-=1)) n"

(n+p)(n+p—1)....(n+p—(w—1)):(n+p)W

w w 1
— —dn —

l_l(n+p ) H(n+p—r)“n

r=0 r=0

~ 1 1 1
S (tp=m® (ntp -1 (ntp—r)w

_ 1 1
S— - p]ao To— - p]al
1
(Tl + p)aw [1 - :_ p]aw Cn
_ 1
T APt P . (N + P
1 1

= (n 4 p)Fotart-.taw = (p 4 p)atw



1 at+w

=<n+p)

Lemma 6.3

Let x and y be two positive integers. Suppose on a two dimensional
plane, we allow only the two types of transition: (x',y") to (x' —1,y' — 1) (to
the north west) and (x',y") to (x’,y" — 1) (to the south). Where x’ and y' are
non negative integers. Then the total number of ways of reaching (0,0) from

(x,y) without touching or crossing the x axis is given by

(Zx +xy—1)_x_3|’_y

To arrive at (0,0) we first observe that there have to be x transitions of the
type I and x + y transitions of the type II. To every transition of the north west
type we associate a south east transition and to every transition to the south we
associate a north east transition. In this new walk, the condition of not touching
or crossing the x axis in naturally retained. The situation is similar to the ballot

problem.

Out of 2x + y total votes, the winner wins by y votes. The total number of

ways in which he maintains the lead throughout the counting is

y

(Noxsyn) 5,
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Where
vmr = (172 m - 1)

2x ty )=(2x+y) y

Noxtyy = (1/2 Cx+y—-y) x Jx+y

Going back to the general stochastic epidemic we imbed a discrete time process
and plot the number of susceptibles and the number of infectives on the (x,y)
plane. Let us notice that the north west transition is a new infection and the
transition to the south corresponds to a removal of a case. Thus in a two
dimensional random walk, subjected to the above conditions, we are looking for

the number of paths reaching (n —w , 0) from (n, a) .

1 at+w

= () o ()

Takingx=w,y=a

at+w

= (v om) 7
n(l+p/n)) p¢*W(d+p/n)*+v

(Zx; y) ' Zx}jl- y

=(1>W 1 (Zw+a) a
1+0) (1+1/0)** \ w J2w+a

_ 2w+a a( | jw( 0 )ﬁw a
lw-lw+a \1+6) \1+6 2w+a
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_|2w+a—1a( 1 jw( 0 ja+w
lw-lw+a \1+6) \1+6

_6 6 1
1+ 1T TP 1T T T 110

p

a2w+a—1 .. w

welwra |

PW) =

— a
P(w) is wth term in the expansion (1 _ |P2qq|)

a
$ oo [1olEr =0 r2)
w=0 2(159)

[1+6—]6—-1]|]"

= > = [min(8, 1)]“

A+0+6-D" _, if6<1-6-1<0
2 - 6>1,0-1>0

A+ -(06-1) 2

—=1
2 2

Therefore P(0) =60%if6 < 1,if 6 > 1.

(i.e) when the relative removal rate per susceptible 6 is greater than or equal to
unity there is no true epidemic, while if it is less than unity a true epidemic can

occur with probability 1 — 6.
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Whittle’s Threshold Theorem 6.4

For an epidemic with intensity 1, we have

=8

[min(8, 1)]* < m; < [min(

Proof:-

Let us consider an epidemic {X(t),Y(t),Z(t); A, u,t > 0} for which the
conditional probability of a new infection in (¢, t + h) is Ay(t)h + o(h) and the

same for a removal is uy(t)h + o(h).

Then the epidemic with intensity is faster than the epidemic with

A= pn(1 —i) u =y and it is slower than the epidemic with = fn u=y.

Let P(w,A,u) denotes the probability that W =w for

{x(),y(£),z(t); A, u, t > 0}

P(w, 4, 1)

_|2w+a—1a( Z j“*w( 1 jw
lw-lw+a \1+6 1+6

:|2w+a—1a( p/n jaw( 1 )W
w-lw+a (1+p/n 1+p/n
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_l2wra-t [ p oo )
Ilvw+a 1+ p 1+ 1/

|2w+a 1 { ) ja W( 1 jw
w-lw+a \1+p/2 1+ u/2

|2w+a 1 u Y 1 "
lw- wa A+ u 1+ 1/

|2w+a 1 u Y7 4
lw- waa A+ u A+ u

Pln,A,ul=1-— z P(w, A, 1)
w=0

> P2, = [(min{(1/w) ", 1D
w=0

and comparing the epidemic with intensity i

p=u/i :T[i=zpw

w=0
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i) p<n(l-0),(/m*<m<(p/n1-i)*

) nA-iD<p<n(p/n)*<m<l1

(i) p<n(l—1i),(p/M)*<m < (p/n(l—i)"

Therefore p = n, there is zero probability of an epidemic exceeding any
pre assigned intensity i. While p < n, the probability of an epidemic is
approximately 1 — (p/n)? for small i. Returning to the fast and slow

processes with A = fn and 1 = Bn(1 — i) respectively.

iPW (Bn) <m; = iPW < iPW (Bn — Bn;)
0 0 0

For sufficiently large n,
[min(p/n, D]* < 7; < [min(p/n(1 1), D]* 0O
Where p = u/A.
Slower process u/A =y/pn(1 —i) = p/n(1 —1i).
Faster process u/A =y/fn = p/n.

Three main cases follow from ()

i p<n-10),(/n)<m<(p/n1-0)"
i) nA-D<p<n(p/M)*<m<1

i)y n<pm=1
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CHAPTER VII

SIMPLER PROOFS OF TWO THRESHOLD THEOREMS FOR A

GENERAL STOCHASTIC EPIDEMIC

Threshold theorems

A fairly elementary proof for the threshold theorems due to, Williams and
Whittle, simpler than Bailey[3] is given. The proofs are based on an application
of the reflection principle through the ballot problem and the exact distribution
of the size of the epidemic as derived by Foster [14]. William’s threshold

theorem is extended to an epidemic with multiple introduction of cases.

Introduction

Let {(X(t),Y(t),Z(t),t =2 0)} be a general stochastic epidemic with
and y as the infection and removal rates respectively, where
X(t) =number of susceptibles at t, Y (t) = number of infectious persons at t

and Z(t) = number of removals in (0, t).

P[X(0) = n; Y(0) = a; Z(0) = 0] = 1.

Let the intensity of an epidemic be denoted by i . Let
W =lim;,.Z(t)—a be the size of the epidemic. Then with
P(w) = P[W = w},m; = P(w) gives the probability of an epidemic with

intensity not greater than i.
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Let p = y/pB be the relative removal rate and & = p/n be the relative

removal rate per susceptible.

William’s Threshold Theorem 7.1

If n is sufficiently large then P(0) the probability of a finite epidemic

size is given by

0%if 0 <1
P(O) =
1ifo =21
Let A be the collection of all & = («,, @4, ... .... @) such that ; is a non
negative integer for every i.
apt+ay+-ap<a+jforj=0,1.2,..w-1
ay=landag+ay + - ....+a, =a+w

Then

B nn—1)...... (n—(w-1)) atw ~ Coneay
P(W)_(n+p)(n+p—1)....(n+p—(w—1))p Zn(n+p )

€A T=0
(7.1)
For a fixed w, ( and a sufficiently large n),
nn—1)...... (n—Ww-1)) n \v
(n+p)(n+p—1)....(n+p—(w—1))z<n+p) (7.2)
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and

at+w

ljm +p =) (= i p) (7.3)

Lemma 7.2

Let x and y be two positive integers. Suppose on a two dimensional
plane, we allow only the two types of transition: (x',y") to (x" —1,y' — 1) (to
the north west) and (x’,y") to (x’,y" — 1) (to the south). Where x’ and y' are
non negative integers. Then the total number of ways of reaching (0,0) from

(x,y) without touching or crossing the x axis is given by

(2x+y—1) e

. 7.4
X x+y (74)

To arrive at (0,0) we first observe that there have to be x transitions of
the type I and x + y transitions of the type II. To every transition of the north
west type let us associate a south east transition and to every transition to the
south we associate a north east transition. In this new walk, the condition of not
touching or crossing the x axis in naturally retained. The situation is similar to

the ballot problem.

Out of 2x + y total votes, the winner wins by y votes. The total number

of ways in which he maintains the lead throughout the counting is
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A

(N2x+y'3/)' x + y

Where

Nm,r = (15 <Tn —r))

N _( 2x+y )_(2x+y) y
2x4yy “\1/22x+y—-y)) "\ x Jx+y

Going back to the general stochastic epidemic we imbed a discrete time
process and plot the number of susceptibles and the number of infectives on the
(x, y) plane. Then we notice that the north west transition is a new infection and
the transition to the south corresponds to a removal of a case. Thus in a two

dimensional random walk, subjected to the above conditions, we are looking for

the number of paths reaching (n - w,0) from (n,a) .Takingx = w,y = a

P(w) = (7.5)

Qw+a—-1)la ( 6 )a+w (116)”’

w!(w + a)! 6+1

Letp=6/(1+6)and q =1 —p. Let us seen that P(w) is the w the

term in the expansion {(1 — |p — q|/2q)}* . Thus
z P(w) = (min{6, 1})% (7.6)
w=0

This completes the proof for William’s Theorem.
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Whittle’s Threshold Theorem 7.3

For an epidemic with intensity i, we have

=8

[min(0,1)]* < m; < [min(

provided n is sufficiently large.
Proof

Let us consider an epidemic {X(t),Y(t),Z(t); A, u,t > 0} for which the
conditional probability of a new infection in (¢, t + h) is Ay(t)h + o(h) and the

same for a removal is uy(t)h + o(h).

Then the epidemic with intensity is faster than the epidemic with

A= pn(1—1i)u =1y anditis slower than the epidemic with A = fn, u=y.

Let P(w,A,u) denotes the probability that W =w for

{x(),y(£),z(t); A, u, t > 0}

P(wi A )_(Zw+a—1)!a( A )W< U )W+a_
Wik i) = wlw+a)! \A+u) \A+u ’
w=012,.....n—1
n—1
Pln; A, ul=1- z P(w; A, 1) (7.7)
w=0
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> P, 2w = [(min{(/w) ™, 1D
w=0

and comparing the epidemic with intensity i, with the faster and slower

epidemics, the proof is complete.
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CHAPTER VIII

ON THE ASYMPTOTIC DISTRIBUTION OF THE SIZE OF A

STOCHASTIC EPIDEMIC

Introduction

For a stochastic epidemic of the type it was shown that when the
threshold is large but the population sign in much larger, the distribution of this
number remaining un infected in a large epidemic has approximately the
Poisson form. A sample proof is given without use of Daniel’s assumption that
the original number of infectives is small, based on a construction of the

epidemic process which is more explicit then the usual description are given by

[39].

Let a population which at time t = 0, consist of X(0) = n healthy
individuals and Y(0) = m individual with a contagious infection. An epidemic
in such a population is often modeled by a continuous time Markov process as

follows.

If X(t) and Y(t) are the number of healthy individual and infectious
individual respectively, present at time t then the transition probabilities are

given by
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PIX(t+8),Y(r+08) = (X,y)/(X(©),Y®) = (x¥))}
= xy8 +0(6) for {(x',y) = (x—Ly+ 1)}
= py§ + o(6) for (x,y) = (x,y—1)

= 1—xy§ —pyd +0(6) for (x',y") = (x,y)

(8.1)

The transitions listed represent the infection of a healthy individual, the
removal of an infectious individual from the population and no change
respectively. All other possible transition in [t,t + &] are assumed to have
collective probabilityo(&). The positive constant p is called thresholds on the

relative removal rate of the epidemic.

The starts of the form ( x,0 ) are absorbing so that no more transition occur

after the last infectious individuals has been removed.

Absorption at ( x,0 ) means that x individuals have escaped infection at end
of the epidemic and that X(c0) = x, when (o) = tlim X().
Construction of the Epidemic Process

Let the n originally healthy individuals be indexed by i, 1< i = n and

let m originally infectious individuals be indexed by j,1 = j = m.
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Let ()7L, and (7;)7_;be iid random variables unit density pe " on

[0, ].

Individual j in the original infectious group will remain infectious group
will remain infectious for 7; time units before removal from the population.
Individual I in the original healthy group will remain infectious for 7; time unit

of an individual becomes infected.

Let {I;}%, be iid random variables with density e™* on

[0, 0] independent of #'s and 7;'s.

The variable [; is resistance of infection of an individual i in the original

healthy group. Let {Iy)}k-;be the associated order varieties so that

The originally infected individual j remains in the population for r; time
units after which infected individuals is removed. The healthy individual i
accumulates exposure to infection at a rate equal to the number of infected

individuals present.

When the total exposure to infection of healthy individuals i reaches [;,
individual i become infected and then remain the population for an additional 7;

time units before removal.
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Suppose (X(t),Y(t) = (x,y)) the probability that the particular infected
individual is removed in the time interval [t,t + §] is pd + 0(8) because the

distribution of the 7;'s and 7;’s has constant hazard rate p.

The probability that exactly one of the y infected individuals is removed

in [t,t+ 6 ]istherefore p y § + 0(6).

The probability that a particular one of these healthy individuals become
infected in [ t,t + & | is pyd + 0(9). So that the probability that exactly one of

the healthy individuals become infected is x y § + 0(6).

The Markov property follows from the memory less property of the

exponential distribution.

Let v be the number of new infectious occurring during the course of the

epidemic.
m
If l(l) > ij then all originally infectious individuals are removed
j=1

before the resistance to infectious of any healthy individuals has been exceeded

so that v = 0.

Otherwise the originally healthy individuals associated with /4y, becomes

the first new infections and v = 1.
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An easy induction argument shows that v+ 1 is the smallest k,

1 = k = n for which

k
(8.2)

Ly > Z_;

i=1

in this inequality does not hold for any k,1 = k = n then v = n.

m 14
Let us define R = ij + Zr(l) then R is the amount of exposure to
j=1 i=1

infection with stood by those individuals who remain healthy at the end of the

epidemic and X (c0) = n — v is the number of [;y's greater then R.
Theorem 8.1

If n, » oandp, - o and

nkexp{—n";%}e b, 0<b<o (8.3)

Then X}, (o) converges distribution to a Poisson random variable with mean b.

Proof

The subscript k will again be suppressed
Taking logarithms in ne~™*™/P - p yields

= logn — MTm — log b, so that
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p~m+n/logn
This p is o(m + n) but (m+n)" iso(p) for 0 <y < 1.
Lemma 8.2

Let 0 <€< 1be givenif p <€ *(m +n) then

P{x(x) > (m+n)} < [E(T:M)]m <em=e

Proof

The population of infected individuals as a continuous time birth and
death process with a variable birth rate. The ratio of death rate to birth rate is

p/ X(t) which is less than p/€ (m + n), until X(t) <€ (m + n).

The probability that a birth and death process starting at m and with a

death rate to birth rate ratio g < 1 is even absorbed 0 is g™.
Lemma 8.3

Let 0 < € <1 for n sufficiently large

(1—-2€)(m+n)
p{R<—p }<ze (8.4)
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Proof

Using lemma (8.2) , R is greater than the sum of the first (1—€)(m + n)

~ ~

terms of {f,7,, AR JOR IO .....,f‘(“)} with probability greater then

(1-€)
for sufficiently larger n.

The sum of the first (1—-€)(m+n) first terms has mean

(1—€)(m + n) / p and variance (1—€)(m +n) / p*.
Lemma 8.4

The number of [;’s which are greater than (1—€)(m +n) / p is binomial

e b\172€
(n, e~(1=26)m+1/PY thig distribution has mean ne~(1=2e)m+n/p n(;)

= pl2€ n2€ (8.5)
Proof

It is easy to see that X(o0) in 0(1/n) in probability. Thus except on a set
of small probability R is greater than the sum of the first m +n —1/n terms

of {7’1,7’2 oy T, 7D, r @ ™) } )

R is of course less than or equal to the sum of all the terms. The probability

approaching,
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m+n (m+n)?/3 m+n (m+n)?/?
- < R < +
p p p p

The number of [;’s greater than

m+n+ (m+n)2/3
P P

1s distributed as a binomial

( {m+n (m+n)2/3}>
n,exp p — 5

which has mean

m+n_ (m+n)?/3 _ (m+n)%s3
nexpy— + ~bexp {+ —— ¢ - b.
P P P
Thus with probability approaching 1, X (o0), is less than a

m+n
p

2/3
Binomial (n,exp {— + (m+7;) }) random variables and

greater than a

m+n  (m+n)?/3

P P

Binomial (n , exp {— }) random variables.

Since both of these distribution that converge in law to a Poisson unit mean b.
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CHAPTER IX

REPRODUCTION NUMBERS AND THRESHOLDS IN STOCHASTIC

EPIDEMIC MODELS HOMOGENEOUS POPULATION
Introduction:

Let us compare threshold results for the deterministic and stochastic
versions of the homogeneous SI model with recruitment death due to the
disease, a background death rate, and transmission rate fcXY /N. If an infective
1s introduced into a population of susceptibles, the basic reproduction number,
R, plays a fundamental role for both, though the threshold results differ
somewhat. For the deterministic model, no epidemic can occur if R, < 1 and an
epidemic occurs if Ry, > 1 For the stochastic model we find that on average, no
epidemic will occur if Ry < 1. If R, > 1, there is a finite probability, but less
than 1, that an epidemic will develop and eventuate in an endemic quasi-
equilibrium. However, there is also a finite probability of extinction of the
infection, and the probability of extinction decreases as R, increases above 1 is

given by [21].

The basic reproduction number is defined as follows. Let ¢ be the average
number of persons contacted per person per unit time, and let § be the
probability of transmission per contact between a susceptible and an infected.

The combined parameter A = ¢f has units time ™! and is called the number of
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effective contacts per person per unit time. Let D be the mean duration of the
infectious period. Then the number of contacts effective in transmission per
infective if all contacts are with susceptible is R, the basic or initial
reproduction number where Ry = ¢fD. R, is a dimonsionless number.

If the population is a large population of susceptibles and let us introduce
one infective who is just beginning the infectious period, Ry, must be greater
than 1 for an epidemic to take off.

cfD—1>0.

Let us consider the concept of a threshold for epidemic takeoff directly
related to the basic reproduction number. If R, > 1, an epidemic starts; then as
the fraction of susceptibles decreases the epidemic slows, more so if those
recover are immune to the disease. If new susceptibles are introduced at a
constant rate, an endemic steady state can occur when

R=RyS =1.

Here S is the fraction of susceptibles in the population. R has also been
called the reproductive number or replacement number. Let R changes as the
fraction of susceptibles changes.

In this chapter let us examine the deterministic and stochastic

formulations for SI, SIS, SIR and SIRS models for homogeneous populations.
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The Homogeneous SI models

The Deterministic Model

Let

XY

The number of susceptibles and infectives respectively. Both are
continuous, non negative variables

A constant rate of recruitment of new susceptibles into the
population.

The rate constant for competing deaths, assumed to be the same for
susceptibles and infecteds. Thus, the rate at which susceptibles die
due to all causes is uX.

The rate constant for deaths due to the disease.

The mean number of persons contacted per person unit time. These
contacts are, by definition, the type of contacts that can potentially
transmit the disease.

The probability of transmission of the disease for a contact of a

susceptible with an infected.

The Deterministic Equations:

The total number of persons contacted per unit time by all susceptibles is

cX. Assuming that the contacts are randomly distributed over susceptibles and

infecteds in the population, the fraction Y/(X + Y - 1) of these contacts is

with infecteds. Let us use Y/(X + Y) in place of Y/(X + Y - 1) because X
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and Y are continuous variables. It makes little difference for X + Y large, and

the use of Y/(X + Y - 1) leads to difficulties for X +Y < 1. For comparison

with the stochastic model in which X and Y are counted in integral units, let us

use Y/(X + Y - 1) in the deterministic model and avoid the region X + Y <
1. Then, since f is the fraction of contacts between susceptibles and infecteds in

which there is transmission, the rate at which susceptibles are infected must be

XY

By —1

Thus the differential equations for X and Y are

ax _ bl X+U 9.1
it Pxyv—1i H ©-1)
av_ il (k + )Y 9.2
dt_CBX+Y—1 2 (9:2)

Global Stability and the Basic Reproduction Number

Put X + Y for X + Y — 1 in the denominators of the first terms in (9.1)

and (9.2), Equation (9.2) becomes

W X e+ wy 9.3

7= B oy ktu (9.3)
Then if

RO=%<1 (9.4)

the disease — free equilibrium is globally stable. That result is obtained directly

by factoring (9.3) as in
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[ﬁW—me Y (9.5)

and noting that since X/(X +Y) <1 for Y >0, if ¢f —(k+pu) <0, the

derivative of Y is always negative except at Y = 0.

The result for Equation (9.2) is slightly different. Factoring (9.2)

=B ey - Gt w7 9.6)

At the disease — free equilibrium, X = U/u,Y = 0, and

X
X+Y—-1 U-u

Now, one obtains

ro= () (p ) <

as the condition for global stability of the disease — free equilibrium. Usually

U > u, so there is little difference between the R,'s obtained from (9.4) and
from (9.7). Let us continue to use the notation Ry = ¢f/(k + 1) and point out
that the first factor in (9.6) gives Ry when Y = 1.
The Stochastic Model

[cBxy/(x + vy — 1)]At is the probability that a susceptible is converted to

an infected in t. In that transition x decreases by 1 and y increases by 1.This
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transition probability is zero if x = 0 and y = 0. Also if x + y = 1, there is no
transmission.
The Stochastic Equation

U At is the probability that x increases by 1 in At, by recruitment.

LAt is the probability of losing one susceptible to a competing cause of
death in At, x decreases by 1.

uyAt is the probability of losing one infective to a competing cause of
death in At, y decreases by 1

kyAt is the probability of losing an infective due to the disease in At; y

decreases by 1.

Define p,, (t) as the probability that the population has x susceptibles
and y infectives at time t. The expression for p,,(t + At), following the
approach of Bailey [4], to show the derivation of the differential equation for
Pxy () i

Bx+ Dy -1
x+y—1

pxy(t + At) = px+1,y—1 At + px,y+1(k + :u)(y + 1)t

+Dx—1yU At + Dyi1y pu (x + 1AL

chxy

+Dxyl — - At — (k + p)yAt — UAt — uxAt  (9.8)

Rearranging and taking limits gives the differential equation for p,,,,
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dp  |x+1)(y—1) xy
E =C x+7y— 1 Px+1,y-1 — mpx,y + U[px—l,y - pxy]
+(k + .u)[(y + 1)px,y+1 - ypxy] + M[(x + 1)px+1,y - xny]

(9.9)

If i <0andj <0 then P;; = 0.

Initial Conditions.

If no infectives are present, the number of susceptibles is given by a
linear death process with immigration Let us assume that process is at
equilibrium when the infectives are introduced. At that point

E(x)=m,=U/u.

Let us choose that initially there are n susceptibles , where n is the
integer closest to U/u. To such a population, let us take m infecteds. That gives
for initial conditions,

Prnm(0) = 1,p,(0) =0, x #nory #m
Let us to be most interested in the case m = 1.
The Mean Number of Infecteds

Next let us compare the time courses of the mean number of infecteds
from the stochastic model with the time courses of the number of infecteds from
the deterministic model.

By definition the expected values are given by
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my(©) = EY] = ) > ypey(©) (9.10)

and m, (t) = E[x]
=) ) iy (®) (9.11)
x=0y=0
The generating function approach to find equations for the mean values but
have failed with it. However, one can generate the differential equations for the

mean values,

dm, dpyy
dt _22 dt (9.12)
x=0y=0
dm — dp
Y _ xy
and dt ZZ'«V dt (9.13)
x=0y=0

Starting with the system in state (x,y) let us calculate the expected value
of y(t + At) — y(t)

Ely(t + At) —y(D)|x, y]

Xy

= Cﬁm At — (k + M)y At + O(At) (914)

Taking expected values and using the usual limit process as At = 0 gives

WD) _ [ by

- m] — E[(k + )y] (9.15)
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Hence

Ty - ii Ty TP (k+u)22ypxy (9.16)

x=0y=0
Similarly
dmx (0] [0 0]
:_ﬁzzx_l_y 1pxy_:uzzxpxy+u (9.17)
x=0y= x=0y=0

Equations (9.16) and (9.17) can also be obtained directly by substituting
(9.9) into (9.12) and (9.13), though with somewhat more effort.
Relations between Stochastic means and deterministic variables:

1.Reproduction number and Global stability : Ry < 1

d (o] (o]
—2X = -1 !
2 = (e + ) ZZ P MR PO (9.18)

Assume that Ry — 1 = [Bc/(k + u) — 1] < 0. The initial value, m,,(0),
is finite. To show that the derivative of m,, (t) is negative for all t < oo and that

its asymptotic steady value is zero.

The derivative of m,, is always negative. Consider Equation (9.18) for
t > 0. All terms for which y = 0 are equal to zero, so in the summations

consider the terms in y for y = 1. Forall y = 1 and all x > 0,
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<1 9.19
x+y—1 ( )

and the equality sign holds only when y = 1 and x # 0. Hence, if Rj — 1 < 0,

all coefficients of ypy, in (9.18) must be negative for y = 1. Therefore the

derivative of m,, is always negative and m,, must always decrease.

The Equilibrium State Value of m,, is Zero.

The equilibrium state solution for Equation (9.16), m$, for which

dm,, _

- (9.20)

when R, < 1. For the equilibrium state, Equation (9.18) can be written us

Xy
RoQ, D, Ty =1l = 2 0P S (O:21)
x=0 y=0 x=0 y=0
The double sum on the left-hand side may be written
IR (9.22)
x=0y=1
where
0< &, =<1 (9.23)

Hence there exists £¢,0 < &€ < 1, such that

iifxyypxy = feiiypxy (9.24)
x=0y=0

x=0y=1

Thus, equation (9.21) becomes
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(Roé® — Dmy = (9.25)

By hypothesis, Ry < 1, so the first factor in (9.25) cannot be zero. Hence,
ms, = 0.

If Rp — 1 < 0, the equilibrium state for Equation (9.16) has for solution

m5 = 0 and the derivative of m,, is always negative. Since y is a nonnegative

variable, if its expected value goes to zero, all probabilities p,,, for y > 0 must
go to zero, and hence all higher moments must also go to zero. Hence, the
disease — free equilibrium is globally stable for the stochastic model.
Casei: Ry =1

For x =0, ¢4, =0, and fory =1, &, =1 for all other x and y,
0 < &4y < 1. Hence, some of the coefficients in (9.18) are negative and others
are zero. And, except for the unusual circumstance py,, (t) = 0 for y # 1, there
exists £¢, 0 < £ < 1, such that (9.24) holds, so that the conclusion mj = 0

still holds.

The Equilibrium State Value of m,. From (9.17), at the steady state let us

obtain

cpéems + Amz = U (9.26)

For Ry <1,mj =0, so

me = U/u (9.27)
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2. Initial Time Course of the Epidemic

In previous case y < X, py, will be negligible for large y. Then, for all

terms in (9.16) for which py,, is significant,

X
—_—= 9.28
x+y—1 ( )
Under that constraint, Equation (9.16) reduces to
dmy
= [pc - (k + )] EZypxy (o= (e +w) Im (9.29)

x=0y=

Initially, m,, grows or decays exponentially; it grows if Ry > 1, it
decreases if Ry < 1, and it is stationary for a time if Ry, = 1. The relation (9.28)

is satisfied. The larger the initial size of the population, the longer relation

(9.29) will be valid.

With the approximation of (9.28) and (9.29), the epidemic becomes a
birth — and — death process. For the general epidemic, the birth — and — death

1/2

approximation holds until about n/“ of the susceptibles become infected. For is

model in which the size of the population decreases as the epidemic spreads.
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3. Endemic Equilibrium State: Ry > 1

In Equation (9.24), let us define a mean value ,0 < (t) <1, as in

(9.30) and explicitly show its dependence on t.

Dix=0 Zyzl[x/(x +y—1)] YDxy
2x=0 Zyzl YDxy

$(t) = (9.30)

¢(t) is a weighted average of x/(x + y — 1) with weights yp,,,(t). Using
(9.30), rewrite (9.16) and (9.17) as in

dmy

Tl (k + w[Reé(t) — 1Im, (9.31)
and
dm,
Tl —cpé(t)my, —um, + U (9.32)

At the equilibrium state,
(Ro$® — Dmy = (9.33)
and

. U—(k+wReém;
mé = p

(9.34)

With Ry > 1, Equation (9.33) can in general have two solutions, but now

e
my¢0.
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Let us note that Equation (9.31) has a solution for % at which d:;x * 0.
$¢ =1/R (9.35)
U—(k+ums
mé = Uk + pymy (9.36)
U
These can be compared with results on the deterministic system,
x __1 9.37
XS+Ys R, (©:37)
U—-(k+pys
xo 2 LZ kAR (9.38)

U

Avian Influenza

Let us present a highly pathogenic Avian influenza epidemic model with
saturated contact rate. According to study of the dynamics, we calculated the
basic reproduction number of the model. Through the analysis of this model, we
have the following conclusion: if Ry < 1, there is only one disease-free
equilibrium which is globally stable, the disease will die; if Ry > 1, there is
only one endemic equilibrium which is globally stable, disease will be popular.

Avian influenza virus belongs to the influenza A virus. According to the
difference of the pathogenic Avian influenza virus in chicken and turkey, we
divided it into three levels: high, medium, low/non pathogenic. Because of the
bird flu virus hemagglutinin structure characteristics, general infected birds,
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when the virus genetic reassortment during replication, causing structural
changes. The Avian influenza virus which acquires the ability to infect people,
can make adult infect the Avian influenza disease. The highly pathogenic Avian
influenza has a high death rate, which is about 100 percent for birds and more
than 70 percent for humans.

At present, some authors have researched some Avian influenza model,
they had constructed a mathematical model which interprets the spread of Avian
influenza from the bird world to the human world. Literature has introduced a
piecewise treatment function. When the number of the infective had not
exceeded the maximum treatment capacity, the treatment rate was proportional
to the number of the infective. When the number of the infective had exceeded
the maximum treatment capacity, it took maximum saturation treatment value.

Literature have studied of SIR model with saturated treatment rate. In the
) .ol . )
literature, the saturated treatment rate is ﬁ, where r 1s the cure rate and « is

the parameters of infection which is due to delayed treatment. The conclusion
had indicated that in the prevention and treatment of Avian flu drugs under the
condition of limited, culling of infected poultry was the most effective way to
control the spread of Avian flu in humans

Avian influenza model with saturated contact rate is given by,
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X =c—Trey — %
= 28 @+ my
1+0Y m

! BSY (9.39)
S'=b 1+ 6Y as

p= P (e +a+p)l

T 1ty CTETY
\R" =yl — aR

In system (9.39), the human is divided into three compartments:
Susceptible (S), infected (1), recovery (R). The birds are divided into susceptible
poultry (X) and infected poultry (Y). The parameters ¢ and b are respectively the
natural birth rate of Avian and human. d and o are respectively the natural
mortality of poultry and human. m and € are respectively the poultry and human
mortality due to illness. ® stands for infectious rate of susceptible poultry to
infected poultry. B stands for infected poultry of the infection rate of susceptible
individuals.

v 1s the recovery rate that infects individuals through treatment. When Y is
small, the contact ratio, infected poultry and susceptible poultry, is

approximatively proportional to the ¥; With the increase of Y, the contact rate

gradually reaches saturation. When Y is very large, it is close to a constant %.

The same way to explain 1:%, that is to say, o is a parameter, which is effects

of infectious diseases, when the contact rate of the disease is saturated.
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The Existence of the Equilibrium Point

Let us study the following system:

(X,_ wXY X
— ST 1xsy Y
yr= X e my
T 1+ov m
{ BSY (9.40)
S =b-—Trey =
~ BSY
I =TT 37 (e+a+y)l
\

Let us get the basic reproductive number of the system (9.40)
E, = (X°,Y°,5° 1°) is (3 0,2, 0)

cw

M)

By the positive of the endemic equilibrium point, we can get that if
R, > 1, there is a unique endemic equilibrium E, = (X*,Y*,5*,1%),

which satisfied:

X*=d+m_(ﬁ_ v cm—d(a’+m) e b(l+§1”] |
dé+o (d+m)(ds + o) pY" +a(1+57")
e bBY

(s +af+}f)(ﬁ‘}’* +af(1+ 51’*))'
So, we can get the following theorem:

Theorem 9.1

The Jacobian matrix of system (9.39) is
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wX (1+0Y)-dwXY
—d - h 0 0
(1+6Y)
: pX (1+0Y ) - 00XY
r_}}:' @X (1+¢ }111:4 _(d+m) 0 0
1+0Y [1_5;&’]'
J:
o _ BS(1+6Y)-3BsY B )
[1+§1«’}1 1+8Y
0 BS(1+0Y)-0pSY pY (s+a+7)
(1+67)’ 1+0Y ’

which in the disease-free equilibrium E, is

—d - 0 0
d
0 E—[e:;i‘+m]| 0 0
J. = d '
Ey — bﬁ
0 e - 0
a
0 b 0 —(s+a+y)
o J

The characteristic equation of the Jacobian matrix Jg, is
A+d)(A—-—hA+a) A +e+a +y) = 0.
Here, h = % —(d+m)={d+m)(R,— 1),4 denotes the
indeterminate of the polynomial. If and only if Ry < 1 all roots of this

characteristic equation have negative real parts. It implies that E, is locally

asymptotically stable.
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Theorem 9.2

If Rp < 1, the disease — free equilibrium E; is locally asymptotically
stable; if Ry > 1, the disease — free equilibrium E is unstable.

Let us discuss the global stability of E,, considering the Liapunov
function

W,=X-X"—X"InX+7Y.then

— 1 oo o, X°
W =X -X'"—X+Y =X|1-—|+7
X X

?l:l. |I( [} [}
_[1-2 | —d(xX-X")- it ]+ XY —(d+m)Y
L 1+8Y ) 1+6Y¥

=—M+{d+m}}’ oX” —1]
X "l (1+0F)(d +m)

AT e 2
_d+m_ ]

:—u+(d+m}1’{ﬁg ~1)
X ) )
when Ry < 1, we can get W' < 1, and W' = 0 has no other closed
trajectory in addition to Ej.
The SIS and SIR Stochastic Epidemic Models
Let us analyze the dynamics of infectious disease spread by formulating
the maximum entropy (ME) solutions of the susceptible-infected-susceptible

(SIS) and the susceptible-infected-removed (SIR) stochastic models. Several

130



scenarios providing helpful insight into the use of the ME formalism for
epidemic modeling are identified. The ME results are illustrated with respect to
several descriptors, including the number of recovered individuals and the time
to extinction.
Maximum entropy background

In this chapter, let us summarize the ME formalism. Although it is not
generally possible to obtain closed-form solutions for the ME distributions,
methods for numerical computation are available. Let us consider a random
characteristic, , of a stochastic system X.

For example, ¢ can denote the time until the end of the epidemic process
X. The general theory is common for both the discrete and continuous cases. Let
us denote by f(x) the corresponding probability mass function or density
function associated with the system characteristic . Let us assume that f(x)

takes values in a state space X, so the normalization constraint becomes

J fOodx =1 (9.41)
X

Of course, the integral in (9.41) reduces to a finite or infinite sum when ¢ is a
discrete random variable.
Suppose that one is faced with the problem of determining a probability

distribution consistent with a given set of mean value constraints which provide
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the available information about ¢ . It is assumed that the known information

about f(x) takes the form of m equality constraints

f FOOfQdy =Fe  (9.42)

X

for a known set of functions Fj, (x) and numbers F, for 1 < k < m.

The structural form of the mean value constraints ( ) covers important

special cases such as:

(i) Fi(x) = x* (kth moment).

(il) Fi (x) = I(—o0,x;](x) (value of the distribution function at the point xy).

(iii) Fx(x) = e~5¥* (value of the Laplace—Stieltjes transform or the moment
generating function at the point sk).

Now, because the constraints (9.41) and (9.42) do not determine f(x)
completely, the inference problem is how to estimate f(x) among all the
probability distributions that satisfy the constraints. The PME states that, of all
the probability density functions satisfying the mean value constraints (9.41)
and (9.42), the minimally prejudiced density (i.e., the density function that
introduces the minimum extraneous information) is the one that maximizes the

Shannon’s entropy functional

S(f) = — f FCOIn F () dy (9.43)
X

132



The PME admits a natural generalization that applies to cases when a
prior density g(x) that estimates f(x) is known in addition to the constraints
(9.41) and (9.42). Then, the principle of minimum cross-entropy generalizes the
PME by stating that, of all the densities that satisfy the mean constraints, the

minimum cross entropy solution is chosen by minimizing the functional

S(f,2) ff{x} n—dx
Z(X)

When state space X is a discrete finite set, the PME can be viewed as a
special case of cross-entropy minimization when the prior density g(x) in (4) is
uniformly distributed on X. The knowledge of a prior density g(x) is not
assumed in this paper so in what follows we reduce to the optimization of the
Shannon’s entropy S(f). For a Bayesian analysis of the SIR epidemic model
with prior parameter distributions of Gamma type. The maximization of S(f)
can be carried out with the help of Lagrange’s method of undetermined
multipliers. If there exists a density function that maximizes the entropy (9.43)
and satisfies the mean value constraints (9.41) and (9.42), then it has the

following form

Mal

Fx) = exp I — 0o — {X}m] e X,

k=1
where & are the Lagrangian multipliers. Now, the normalization condition

(9.41) implies that @, is given by
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exp {ﬁg}:fexpl ZF:.IfXJm]

The rest of the Lagrangian multipliers satisfy that

dtp

Unfortunately, it is usually impossible to solve Eqs. (9.44) for @
explicitly. As an exception we mention the special case where
m=1,X = (0,+) and F;(x) = x . Then, the explicit ME — solution is the

exponential density

|
fx) = F—e"‘-’F'. X e X.
1

Suppose that the second moment is added as a new constraint. Now, it is
impossible to get an explicit solution for the pair (&;, &). Therefore, numerical
methods of the solution become important. By combining (9.41) and (9.42) the
problem of determining the optimal @, for 1 < k < m, is reduced to solve the

following system of implicit and nonlinear equations:

f(F(x;—F}expl Z{F;(x —F)a }dx:ﬂ. (9.45)

=i=m.

In fact, the solution of (9.45) amounts to minimizing the following

convex potential function

i
F ey, .... o) = lo fexpl Z anX}—Fk]ﬂk}dx~

k=1
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or, alternatively, the balanced function

-

% Expl—Zng{xj —Fg}m’dx) ,
k=1

where the weights pi are positive and Y7, pi = 1.
Some basic stochastic epidemic models
The stochastic SIS epidemic model

In the stochastic SIS epidemic model there is a closed population of size
N, where each individual is classified as either a susceptible or an infective. Let
S(t) and I(t) be the number of susceptible and infectives, respectively, at time
t. Since S(t) + I(t) = N, the evolution of the epidemic is simply described by
the process {I(t); t = 0} with state space S = {0,..., N}. The infection ends
when I(t) = 0. The SIS model assumes that a recovered individual does not
acquire immunity but immediately becomes susceptible. Thus, the process
{I(t); t = 0} is usually modeled as a particular case of a birth-and-death
process with an absorbing state O and a reflecting state N. The birth and death

rates are

Ai = Eilf!"m’ —1), 0=i=N,
N

-

pi=yi, 0=i=N,

where [ is the effective contact rate and y is the individual recovery rate.
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Since the state space is finite, extinction is certain. Roughly speaking, the
parameter region where the time to extinction is short can be identified by small
values of the reproduction ratio Ry, = [/y . In contrast, if R, is large, then the
epidemic tends to persist for a very long time, so a state of quasi — stationary
equilibrium may be reached before a random fluctuation leads to the extinction
of the epidemic.

Many variants and generalizations of the SIS model have been
considered. For example, a more general model is the Verhulst model with
infection rates A; = fi(1 — (ayi/N)), for 0<i<N-1,AN=0, and
recovery rates p; = yi(l + (ayi/N)), for 0 <i < N. The SIS model
corresponds with the particular case where ¢; = 1 and a, = 0.

The stochastic SIR epidemic model

Let us deal with the stochastic SIR epidemic model. In the SIR model,
infected individuals remain infectious for a random time, but they recover and
become immune. Thus, at time t, the population consists of I(t) infectives,
S(t) susceptibles and R(t) = N — I(t) — S(t) immune individuals, where N
is the constant population size. Let us assume the initial condition
(1(0),5(0),R(0)) = (m,n,0),so N =m + n. When in state (i,j), fori =1,
the population state moves either to (i + 1,j — 1) due to an infection, or to
(i — 1,j) due to the removal of an infective. In the states (i,0), fori > 1,

only a removal can occur. The state space of the SIR epidemic model is
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S={(j)0<i<m+n0 <j < minfnm + n — i}}. Let us notice
that states {(0,j); 0 < j < n} are absorbing states, so it is reasonable to
assume that m > 1.

Let us assuming the exponential distribution and the independence of the
involved random events (i.e., contact periods, recovery times), the process
{(I(t),S(t)); t = 0} results to be a bidimensional CTMC with infection rates

A;j and removal rates p;. A typical choice for the transition rates is
: B =g
A= Erj. (1,J) €5,
pi=wvi, 0=i<m-+n,

where [ and y denote the contact and the recovery rates. A more general model
assumes that infected individuals remain infectious for a random period I.
These infectious periods are mutually independent and also independent of the
contact process. let N,,,be the number of individuals infected prior to disease
extinction (excluding the initial number m). In other words, N,,,, amounts to the
final size of the epidemics. The distribution of N,,, can be computed from the

recursive formula

PN, =k = () g (_m _ k:'ﬁ)

k - m+n

e n—1\ .. [ (M—Kp _
_{1—5RD}ZJ:(;{_£)¢’R E(WJP{N:M=”‘
i \

0=k =n,
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where @ (s) = E[e~5! ] denotes the Laplace transform of the infectious period
distribution and &, is Kronecker’s function defined by 1, when a = b, and it
equals 0, otherwise.
Global Stability Analysis of a Delayed Susceptible—Infected—Susceptible
Epidemic Model

Let S(t) and I(t) be the density of susceptible and infected population at

time t, respectively.Let us consider the following delayed SIS model:

S'(t) = b — BS(OI(1) — pusS(t) + gyl(1). (9.46)

oo
I'(t) = f p(t)e "TAS(t — T)I(t — t)dT — pgd(t) — yi(1),
0

(9.47)
where b > 0 denotes a constant birth rate, f > 0 is the disease transmission rate,
Us >0 and p; > 0 stand for the death rates of susceptible and infected
individuals, respectively. p(t) = 0 with 7 € [0,) is the probability density
function of transmission delay, g = 0 corresponds to the death rate during
latent period, y = 0 is the recovery rate of infected individuals, and g € [0, 1]
denotes the probability of immunity lost.

The SIS model (9.46)—(9.47) always admits a disease-free equilibrium

(Sy,0) with Sy := b/ug . Define the basic reproductive ratio

bB,

Ry = ——.
Ms(fy + )
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Where

oo
B = ﬁf p(t)e ™ dr < B.
0

If Ry > 1, the model possesses a unique endemic equilibrium (5%, %),

where

S* . qu + J"
B

_b—nsSt b —psGuty) s+ y)(Ro— 1)

I* - — — i
BS* —qy  Bur+y)—qpy Bl +y)—gpy

Since f(u; + v) — qB1y > By — qB1y =0, it is readily seen that
I* > 0if and only if Ry > 1.
Results 9.3

Let us assume that the probability density function p(7 ) satisfies

oo .
f p(t)e*’dr <
0

for some A > 0. The suitable state space for our system (9.46)—(9.47) is the
Banach space X which consists of all continuous functions
(x%,x?) € C((—,0],R?) such that x*(0) e?® and x2(0)e?’ are uniformly

continuous for 8 € (—oo, 0], and that

[(x'. x%)|x := sup(]x' ()] + [x*(#)]) e < .

#=0

Here, ||. ||y denotes the weighted norm of X. For a function ¢ € C((—oo, t], R),
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Let us denote ¢@; € C((—,0],R) such that ¢.(0) := @(t+
0) for 8 € (—oo,0]. It follows from the standard theory of well — posedness
for functional differential equations [ ] that given any initial conditions

xo = (xg,%5) € X,

the system (9.46 )—(9.47 ) has a unique solution x; = (x},x?) € X for any
t>0.
Proposition 9.4

Given the initial values such that S(t) = Oand I(t) = Oforallt < O,
we have S(t) > Oand I(t) = Oforallt > O0.If, in addition, S(t)I(t) > 0
forallt < 0,thenI(t) > Oforallt = 0.
Proof

First, let us claim that S(t) and I(t) are non — negative for all t > 0. If, in
contrary, there exists a t, = 0 such that (§(t),1(t)) leaves the first quadrant at
the first time, we have either (i) S(t,) = 0 and S'(t,) < 0; or (ii) I(t;) =0
and I' (ty) < 0. Moreover, S(t) = Oand I(t) = Oforallt < t,.

We have to show that S(t) is strictly positive for all t > 0. Assume
S(t;) = 0 for some t; > 0. Since S(t) = 0 for all t, it follows thatt =t; is a
critical point of S(t) and thus S'(t;) = 0. On the other hand, obtain from
(9.47 )that S'(t;) = b + qyI(ty) = b > 0, a contradiction.

Finally, if, in addition, S(t)I(t) > 0 for all t <0, let us prove by

contradiction that I(t) > 0 for all t > 0. Assume t, is the first time when I (t)
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losses its positiveness, let us have I(t,) =1'(t,) = 0 and I(t) > 0 for all
t < t,, which again contradict Equation.
Theorem 9.5

If Ry < 1, then the disease-free equilibrium (S, 0) of ()—() is globally
asymptotically stable; if R, > 1, then the endemic equilibrium (5%, I*) of ()—()
1s globally asymptotically stable.
Proof

If Ry < 1, let us construct the Lyapunov functional U : X — R as

2 BiSo

Ux',x )=
BSo — qy

oC 0
[x'(0) = SpInx' (0)] + x%(0) +f f p(r)e " x'(@)x* () do dr.
0 —-T

Restricting U along a solution (S, I) of the system ( )—(), let us have

B150

Ut) =
So —qy

oo pf
[S(1) — SpInS(H)] +1(t) + f f p(t)e T AS(E)(0)de dr.
0 t—t

Let us use the equalities x*(8) = S(t + 0) and x%(8) = S(I + ) for
6 <0, and a linear shift t +6 — 6 in the integral representation. Taking

derivative with respect to t, Let us have the from Equation ()

d b qyI(t)
—[85(t) — SoInS(5)] = [S(1) — So] | — — BI(1) — pus + :
dr[ ( olnS()] = [S(1) [}][5{” pI(t) — ps S }
Making use of the identity b = ugS, yields
b gyl(t) b b qyl(ty qyl(t) qylt)
— — BI(1) — pus + = — BI(H) — — + - +
S(1) PO = s S(t) S(1) pID So S(0) So So
1 1 qy)
=[b+qpl)]|— ——|— — — ) I(1).
[0+ qyI(1)] [ 50 5[}] (ﬁ 5, (
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Thus,

d
SISt = Soln S(] < — (ﬁ _ ﬂ) [S(t) — Soll (1)
dt So

In view of Equation () and the definition of 3;, let us obtain
U'(t) = —p1[S(t) — Soll(t) + BrSOI(t) — (g + y)(t) = [B1So — (s + ) U (1).
Since Ry < 1, let us have Sy < u; +y and consequently, U'(t) < 0.
The largest invariant set of U'(t) = 0is a singleton such that S(t) = S, and
I[(t) = 0. The trivial equilibrium (S, 0) is globally asymptotically stable if
Ry < 1.
For the case Ry > 1, let us construct the Lyapunov functional

V:X—-> Ras

p1S*

Vixt.x?) = -
pS* —qy

Vex', xH) + Vi(x'. x?) + Vo (x'. x),

where
Vs(x'. x?) := x'(0) — §* Inx'(0),

Vix', x?) := x3(0) — I* Inx*(0),
o0 ]

Vox'.xh) ::f f p(r)e T BIx (0)x*(8) — S*I* Inx' (8)x*(#)] db dr.
] -1

Restricting along a solution (S, I) of the system ()—(), we can rewrite V as

‘S'ic
Vit) = LVS[I) + Vi) + V_(1),

BS* —qy
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Where

b I
Vi(t) = [S(t) — S*] [% — BI() — s+ ‘}gﬂf’] ,

BS(t — 1)t — 1)
I(1)

Vi) =[1(t) —I"] [f p(t)ye ™" dr — (u; + }"]} :
0

V(t) = f p(T)e ™ B [S(r]f{r) —S(t—DI—1)+ S I*In
0

Sit— o)t — I}}
dr
S(H(r)

Inviewof b — BS*I" — usS*™ + qy I" = 0, let us have

gvl(t)  BS*I* N usS* gqyl*

b
— — BI() — ps +

S(t) st S S SO PO — ks
qylt) gyl  qyl{)
S(1) S 5+
S 4+ oI | s* rF_1n
= [sS™ +qyI( ][%—ﬁ]"‘{.ﬂ _C?V)I:S{”—F:I-
Therefore,
S* I* It
ﬁ'—Vs'{ﬂ < Bi1S*[S(1) — §*] | — — ) ,
pS* —qy Sy S§*

On the other hand, since y; + y = ;5" let us obtain from the definition

of 5; that

Vi(t) :f p(tye * BLI(t) —I']

0

[S(r— DIt —1) _S*] e
1(1)

Combining the above formulas and using the definition of 3;, let us have

V"{ﬂgf p(t)e " BW(t, 1) dr,
0
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where

] I* I(t) w | S(E—1)I(t — 1) }
ij.. :S-\:Sr _S* i\t Ir _l“: _S*
(t.7) [S(1) ][Sm S*]H{J ][ 0
+ [ SHOI(t) — St — )t — 1)+ S*I*In S(t—1)M(t—1)
S(HI (1) '

Simplifying the above equation gives

. S* St — )t — Sit—1)(t—1)
W{Lr}:S“‘I*[E C-—oit—7) 20— 10X I}

S S*1(1) +n S(OHI(1)

Note that2 — a — b + In(ab) <0 for any a > 0 and b > 0; and the
equality is satisfied if and only if a = b = 1. Let us obtain W(t,t) < 0 and
consequently, V'(t) < 0. Moreover, the largest invariant set of V'(t) = Ois a
singleton where S(t) = S*and I(t) = [ . By the Lyapunov—LaSalle
invariance principle let us obtain global asymptotic stability of the endemic

equilibrium (S*,1*) under the condition R, > 1.
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CHAPTER X

APPLICATION OF MARTINGALE THEORY TO SOME EPIDEMIC

MODELS 1

Picard [29] gives some very simple applications of martingales to
epidemics. The results are all connected with stopping times T and include the

expression of the joint generating function Laplace transform of
T T : :
X7, [ o Xu,Yydu and ) o Yudu and simple relations between moments of these

three variables. Several relations between different types of epidemics are

derived at the end.
Stopping Time

Let (Q,F,P) be a prsobability space and [F,,n = 1] an increasing
sequence of sub o — algebras of F (ie) F; € F, € ---... ¢ F . A measurable

function T = T'(w) taking values 1,2,........ 1s called a stopping time relative to

{F.} if{T=j}eF ,j=12,......
Downstons Classical Model

Let us consider Downton’s classical model (ie) a time homogeneous two

type birth and death process (X;, Y;),t > 0 such that

P|Xerar =7 Yerne =S/y, = i = |
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amijAt + o(At) ifr=i—1,s=j+1

a(l —m)ijAt + o(At) ifr=i—1s=j

= BjAt + o(At) ifr=is=j—1
1 — (ai + B)At + o(At) ifr=1is=j

o(At) in all other cases

Where a > 0,5 > 0,0 < m < 1 are parameters and x,, Yy, the initial data.
(X;,Y:),t = 0 will have its values in
D={@j)eEN?/0<1+j<x5+ Y}
Where
X; — the number of susceptibles at time t and
Y; — the number of carriers at the same time.

Any susceptible may be removed or changed into carrier while a carrier may be

removed only.
Theorem 10.1
F; is the o field generated by X, Y, for 0 < u < t.

Put Vt = a(Xt, Yt)e_zt.

Z; = fot h(X,,Y,)du where a and h are functions of D into R then prove that

(V,, F¢), t = 0 is a martingale.
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Proof
To prove that

i)  Efla(X., Y)e ™|} < 400

() E{a(X,Y)e %/F, }=a(X,, Y )e %, 0<t,<t
Since 0 < a(X;,Y;) < max a(i,j)
Therefore (X;,Y;) will have its values in D.
Therefore (1) 1s true.
To prove (ii)

Let us take m(t) = E, (a(X,, Y)e ™), 0<t, <t

Where E;, = E(....../F).
For At > 0,
m(t + At) = Ey [a(Xeinrs Verar)e 40t
Since D is finite and E; = E; E;
m(t + At) = E¢ {[a(X; — 1,Y; + DmaX, YAt
+a(X, — 1,Y)(1 — m)aX,Y,At
+a(X,, Y, — 1)BY,At]e %

+a(X., Y)[1 — aX,Y, + +BY,At]e %
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Therefore

m(t + At) —m(t)
At B

Eto{[a(Xt - 1, Yt + 1)7T6¥Xth

+Cl(Xt - 1, Yt)(l - T[)CZXth
+a(Xe, Yy — 1)BY;

—a(Xy, Y)aX, Y, + ,Byt]e_zt

—a(X Y )h(Xe, Y)le %t + 0 AL

(At)}
Using Lebesgue’s theorem
m(t) = E; {[a(X; — 1Y, + 1) — a(X,, Y ))maX, Y, +
+(aX; — 1Y) —a(X, Y))(A — m)aX.Y;
+(a(Xe, Y — 1) — a(X,, ) BY:
—a(X,, YOh(X,, Yp)]e %}
m,.(t) being the derivative on the right of m.

When At < 0, put At" = —At,t" = t + At and proceed in the same way using

m(t + At) —m(t)  m(t' +At") —m(t')
At B At’

forAt' =0
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As a sample path of the process is a.s a step function which is continuous
in t.let us obtain for the derivative on the left m,.(t) just the expression we have

got for the one on the right.
Som/(t) exists and if we choose a and h such that
laGi —1,j = 1) —a(i,DInaij + [a(i — 1,j) — a(i, NI — m)aij
+la(i,j — 1) - a(i, NIBj = ali, Hh(, ) ij €D
a(—1,j) and a(i, —1) having any real value.
Therefore we have m'(t) = 0.
Therefore m(t) = m(ty),t = t,.
Therefore
E; (a(X;,Y)e %) = E, (a(X,,, Y, )e %) = a(X,,, Y, )e “to
Thus we proved result (i1).
Therefore {I'n, F;} is a martingale.
To find the solution of (). Put h(i,j) = (Ai + B)j  a(i,j) = C;A.
A, B, A being arbitrary positive constants.
Therefore we have

(Cio VY = A )maij + [(Cioy M — G| (1 — M) aij
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+(GA™ = CV)Bj = CA (Ai + B)j
(AC;i_1 AT = C) M maij + (Ci—y — CHN (1 — m)arij
+CA (3 - 1) Bj = GV (Ai + B)j
Put j = 0 we get an identity. For j > 0.
(ACi—y — Cmai + (Ci—y — C))(1 — m)ai

+Ci(;-1)8 = C(Ai +B)

Ci (Al - % +a; + B — ,3) = Ci_l[ai(l -+ /LnT[)]
Putl=A,=—2>F —inQ
o (A+a)n+B+pB

A+a)(i—n)C; =Ci_qai(l —m+ A,m)

Take CO = Cl s s wee e — Cn—l = O

C, =m[ “ (1—7r+w)j"

A+«

Therefore () becomes

i o
C, = i_nA+a(1—7Z'+ﬂ«n7Z')C,-_1 fori>n

Put (), =i(i—1)uorvrnni—(n—1)
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The general form of C ; 18

o

=i(i—1....... i—(n—l)( (1—7z+/"tn7z)j

A+o

=0L( @ @_ﬁ+@ﬂ0i

A+«a

Theorem 10.2

For A and B positive constants € N , 4,, = ,8((A +a)n+ B+ ,B)_l and

t
~[(AX, +B)Y, du

Vo= (X, (5070 m2,) || e

A+ o

< 0

Then (Vt,n; Tt)t>0 1s a martingale. Also Sup‘Vt’n
- >0

Proof

We have proved that

C, =(i)n(Aia(l—7z+ln7z)j JdieN

151



and V,, =a,(X,.Y,)e"  Z, = [h(X,.Y, )du

0
Take a, ( X;,Y;) = CX, (/%)Y
hX,.Y,)=(AX, +B)Y,
Therefore
X; (A%, 4B du
Vi =(Xi)n(Afa(1—7z+mn)j (4 Ve

is a martingale.

Also Sup‘Vt’n‘ < 400
120

The stopping times and the main relation
Let T, = Inf{t: Y, = r} forrinteger such that 0 < r < y,
T, = Inf{t: X, + Y, = r} forrinteger such that x, < r < x4 + ¥,
T, = Inf{t:2X; + Y, = r} for rinteger such that 2x, < r < 2x, + y,
(ie) Te = Inf{t: € X, + Y, = r} forrinteger such that € x, < r <€ x, + y,

with €= 0,1,2.
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Now the classical theorem on stopping times for martingales

E[VTE, Tl] = Vo'n.
€ XTE + YTE =r
Theorem 10.3

For Te = Inf{t:€e X, +Y, =1} ,€Exy <1r <€xy+7y,,€=0,12.

TE
Xz — [ (AX,+B)Y,du
0

E(Xy )H(Ai‘a(l—wrmne)j e

X0
:(xo)n(Aia(l—ﬂ+7zﬂn)j A07<

Where

_ p _ e
& _((A+a)n+B+,B)(1 rEa, )

Proof
E[Vr,n] =Von

Let us have
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TE
[ (AX, +B)Y, du

F(x), (G5 mem) | e

A+«a

X0
:(%L(Afaa-ﬂ+mgﬂ A0

Multiply by A;,"

TE
[ (AX,,+B)Y, du

X7 -
E(XTe>n( d (1—7z+7rﬁn)lej e ©

A+ "

X0
:(%L(Aiaa-ﬂ+m%ﬂ A0

Using exg +y, = 7.
The joint distribution of X7, fOTe X, du and fOTe X, Y, du.

Let U= (u,)ps0 be a sequence of real numbers. For any
n € N, Q,,(x; U) be the unique polynomial in x of degree n satisfying for every

i € N, QL(u; U) = 6,,; where 8,,; is Kronecker’s function
Q,,(x,U) can be expressed in the following way.

1. Qo(x, U) = 600 =1
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X

=)
2. 0,(xU)=[d& [dé... [ d&, .n>0

ugp U Up—1

Q,,(x,U) only depends on uy, uy, .... U,_1 and not on the whole

sequence U.
_Tae (& —ey=So
Qn(X,U)—I & (& —41)= ) Uy S
Up Ug
0,0 -2+ 14 (x—)
X)=—+——UyX = ——
2 > 2 0 Ig
Similarly
X)=—""—
Q,(x) B
Property 10.4

If R 1s a polynomial of degree n then we have Abel’s expansion

R(x)=> R’ (u;)Q;(x)

j=0
Proof

Put
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R(x)= Z kak (x)
k=0

R (u;)= b0/ ;)= b5’ =b,
k=0 k=0
Therefore
R(x)=> R’ (u;)Q;(x)
j=0

If for every u,, = ug then
Note

()  RX)=D R (u;)Q;(x)

j=0
= R%(uy)Qy + R' ()0, (x) + R*(14,) O, (X) +...... +R"(u,)Q, (x)
(x—uy) (x—u0)2

1 2 T

Therefore R(x) is a Taylor’s classical expansion

(11) f(v) =E [vxTee— foTe(AXu+B)Yudu]
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a l-nm+74

u, = i
A+ o e

flupy) =E [uzT‘Ee—foTe(AXﬁB)Yud“] lx i]
un

1 T
Fn) = B [ [T H R G ), - 1)

n

1 €
PG = E | oo AR G ey, 1), (e, — (n = 1)
n
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CHAPTER XI

APPLICATIONS OF MARTINGALE THEORY TO SOME EPIDEMIC

MODELS - 11

Let us consider Wiess and Downton’s models with parameters m, « and 8
depending on i number of susceptibels and j number of carriers. A martingale
argument is performed when m and a/f only depend on i or, in Weiss case
when a/f is the product of a function of i by a function of j. In these cases the
martingale approach proves very valuable and gives explicit results quite easily.
In particular it shows that well — known relations between moments and
integrals along a trajectory are still true for any stopping time and for more

general models than the classic ones given by [30].

Introduction

Picard simple and explicit results for classical epidemics by a martingale
argument. The purpose of the present Chapter is to show that such arguments
are more powerful than one could have expected and also work for some
generalizations of classical models. A Similar approach to the robustness of

martingale theory has recently been developed by Heyde.

In classical epidemic models the parameters are considered as constants
or exceptionally as function of time. Of course this is a rather crude

approximation of reality and some writers have tried to build more realistic
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models. In a real epidemic the increase of the number j of infectives usually
generates sanitary measures in order to isolate infectives and prevent contacts

with susceptibles.

In this chapter let us introduce Downton’s model but with the following
generalizations: the parameters « and 8 are supposed to be functions of i and j.
 being a function of i only. Such a model may seem intractable but when

a;;/B;j does not depend on j, or when m = 0, a,, /S, being the product of a

function of i by a function of j,martingale arguments work quite well as in

classical models.
Definitions and Notations

For convenience let us sometimes write a instead of a;; or a(t,j). B
instead of B;; or B(i,j), fothdu instead of foth(Xu, Y,) du, fotaXu, Y, du
instead of fot a( X, Y,) XY, duandsoon. f:N = R is any function. Let us

denote jf(j) by f(j) and martingale V, instead of (V,, F,), t = 0.
Hypotheses and the key theorem

Let us take h;; = L;B;j, L; = 0 and suppose that the following hypotheses

H, and H,(n), n =0,1,2, ... ... ... , X are fulfilled.
H;: For any i and j, a;; = B;jn; withn > 0 fori > 0.

H,(n):Fori=nn+1,.....,Xx,,
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(A — i, + L, — L) (i —n)~ ! is defined and # 0.
Let us change 7, a, B, Ai + B into 7;, a;j, Bij, ... .- Li Bij.
Theorem 11.1
ForA, =1+ L, +71,)
Vnis) =yn(s +n)
hij = Li Bij
and Ve, n = (X0)n iy Anexp (= Jy hGou, ) du)

Then (V, n, F;),t < 0 is a martingale.

Proof
Put T = m;.
a=a;,p =Py
A; + B =L; Byj
An IB = ﬁl] +aijn+ﬂij

T A+tan+B+B  L.p,

_ Bij _ pnj
Ln[)’nj + ,Bl]n:l + ﬁl] ﬂn](Ln + nnn + 1)

1
Iy = ——
" oIln+f,+1
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?n(s) =yn(s+n)

Yy = (=1 + Am) (@ — i + L — L) 7H(iE — )y
t

Vi = (X)n(a/A)o(1 — 0 + 1A) i ()Y iexp | j (Ax, + B)y,du
0

Xi—n t
Voot = Gt | [ g Aifexp | = [ o)
s=1 0
is a martingale.

Corollary 11.2

For any stopping time T andn = 0,1, ... ... ...., X,
E(Vrn) = Von
Relations between moments and integrals along a trajectory
When n = 0 the martingale V, ,, is very simple. Putting
L; = Afif; + B (11.1)

Where A and B are non — negative constants and f7j is a function N - R,

let us have

1= 1 ~ B 1+ —-mny)B
n=77%5 Yo(s) =v0(s) _(1+B)(1+Afs)

(11.2)
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Denoting V; (4, B) instead of V; in order to point to the dependence

upon A and B

1+ —mn,)B
L (1+B)(1+ Afy)

t
Vio(4,B) = (1+B) Yiexp| — j h du
0

Xi t
[ Ja+am ew| -4 ron) eCx ) xotudu
s=1 0

X; t
x nu +(1=7m)B) (1+B) X exp| —B j B(X,,Y,)Y, du
s=1 0

(11.3)
Let us have the following result.
Theorem 11.3
For any stopping ttime T and any non negative A,B and
fﬁ' VT,O (0,B) = VT,o (4, 0): VT,o (0: B) (11.4)

and Vr (4, 0) and V7 4(0, B) being uncorrelated.
Proof
Vro(4,0) and Vr ((0, B) are martingale.

E[Vr0(4,0),Vr0(0,B)] = E[Vro(4,B)] = Vo0 (4, B)
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= Vo,o (4,0), Vo,o (0,B)

= E (Vr,0(4,0)) E (V1,0(0,B))
Theorem 11.4

For any f5:N - R.

X; t
> it [ F00) e v XY, au
i=1 0

2

Xi Xi t
D+ Y g+ [ 000 ) Xa¥, du
i=1 i=1 0

are martingales. The first two are uncorrelated with the last two.

Proof

Let us develop Vr((4,0) and V7 (0, B) according to A and B and pick

up terms in 4, A%, B and B2.
Theorem 11.5
For any f3:N - R, any g:N - R, and any stopping time T
Xs

E j FX) (X, Y,) XY, du | =E z f (11.5)

i=xT
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t
E f 906D BKu Y)Y du
0

Xs
=E {2 (Gom; + (i — 90)/N1) + go(yo —Y) ¢ (11.6)

Proof

The martingale property applied to the first martingale in
Theorem (11.5) gives immediately. As for (11.6) let us put

gi = 9o + (9i — go)N:i/1;

and then

t

E j 90X B(Xu Y)Y, du
0

_ t ‘9(X,) = g(0)
= goE (-fo B (X, Y)Y, du) +E <Jo ) a(X,,Y,)Y, du)

Using (11.5) and the martingale property applied to the third martingale

Theorem 11.2 let us obtain (11.6).
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Theorem 11.4

For any Stopping time T,E { fot a(Xy, Y, )X, Y, du} is the expected
number of susceptibles involved in the epidemic between tome O and T and

E { fot B(X,, Y)Y, du} is the expected number of detected and eliminated

carriers during the same period.
Applications

Relation such as (11.5) are interesting when let us have to solve statistical

Problems. For instance if a is a constant (11.5) suggests introducing
t : :

(xo — X)) 1t fo X, Y, du as an estimator for 1/a whichever f and m may be

constants or not. If a, = ay+ aqi. @, and a; being unknown constants

U, = fot XK, Y, du and f; = i¥, k € N into (11.5), let us get
Ju
a0E WUes) + @EWUir) = B[ Dt (11.7)

i=XT

This relation used for k = 0 and k = 1 gives a, and a, as soon as E(J;), E(U,),
E(U3),E(X7), E(X2) are known. Therefore if we find these five expectations it

1s possible to get estimates for ay and a4 .
e e T
The joint distribution of Xr and [ °h du

Let us make use of the stopping times T, defined already.
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1. A particular Case:
Take m; =mo,n; = (co + 1) hyj = Lifijj = (A'h; + B)By;j  with

T, Co, C1,A’, B' constants. First check that H,(n) is fulfilled for any n, then let us

find
+
L= foT Gt (11.8)
(1+ B+ (1+A'(1+B))n
and
¥a(D)=Q—-nm+7r1)1+cn/c)(1+A4)71 (11.9)

which does not depend on i and will be denoted y,,. As a consequence
155" 9..(s) is now ]/f ™™ and theorem 11.2 takes the form of theorem.

s=1

Applications

1. Bij = co+cyi,a;j being a constant. This case has been studied in
Routlet.
2. Two cases in which a;;B;" = (¢ +c1i)™" and @, B~" are increasing
functions of i.
i. a;j = (by + byi)(co + ¢10),f = by + byi  with by, co, —by, —;
positive constants and x, < —cy/c; < —by/b;.
ii.  a;;=ag+ai, B = (ag+ayi)(co +c1i) with ay,aq,¢,—¢
positive constants and x, < —cp/c; < —ay/a;.
3. m; not a special form: After introducing a generalization Gontcharoff’s

polynomials it is possible to study the general case. The argument is
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always of the same kind but the results are of course less easy to handle
and will not be given here.

A Basic Martingale

Let us suppose that m = 0 and a/p is the product of a function of i by a
function of j, hence H, is replaced by
Hy = a;j = niuixij, Bij = pixij withn; > 0fori > 0,u; > 0,p; > 0 for j > 0,
Xij >0fori=0,j=0.
Besides, let us take
hij = (Lefig + M) x;; with L Z 0,M 2 0 (11.10)
and keep the auxiliary hypothesis H, (n) unmodified. Now
a(i,j) = ¢,D,
and «, S taken according to Hs , led to
(Ci—1 — CODjffixi; + Co(Dj—y — Dj)pjxij = (Lifdj + M;)C;Djxy; (11.11)

and after a routine argument,

i-n J)
C; = (i), Hyn(s +n), D= 1_[ 5.(s), (11.12)
s=1 s=1
with
Ps . Nl —n)
6,(s) = — , v, (1) = = ~ 11.13
" ps+Ms+(nn+Ln)ﬂs " 771'_770"|'LL'_Ln ( )

Finally have the following result.
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Theorem 11.5

h, §,, and y,, being defined by (11.10) and (11.13) put

Xt—n Yt t
Win = (X7)n 1_[ Yu(s + 1) ndn(s) exp _jh du
s=1 s=1 0

then (Wt,n; Tt)t>0 1s a martingale.

Now put
L; = Affii,  M; = Bg;p; (11.14)
A, B non — negative constants. f7 and gp functions N - R, have a

quite simple W; o

Xi—n t
Weo = [ [+ AR exp( A [ FK) aChu VXY, du
s=1 0

Xt—n t

+ [ Ja+Ba) ew| -8 [ 900 pexu vV, du
s=1 0

These Theorems are valid with W substituted for V, and

Y: t Y: Y: t
zgs+jgﬁYu du and zg3+ zgs+fgﬁYu du
i 0 i i 0

Substituted for the third and the fourth martingales.

2
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CHAPTER XI1

A MODIFICATION OF THE GENERAL STOCHASTIC EPIDEMIC

MOTIVATED BY AIDS MODELLING

In this Chapter let us consider a model for the spread of an epidemic in a
closed, homogeneously mixing population in which new infections occur at rate
Bxy/(x +y), where x and y are the numbers of susceptible and infectious

individuals, respectively, and [ is an infection parameter. This contrasts with

the standard general epidemic in which new infections occur at fxy. Both the
deterministic and stochastic versions of the modified epidemic are analysed.
The deterministic model is completely soluble. The time — dependent solution
of the stochastic model is derived. Threshold theorems, analogous to those of
Whittle and Williams for the general stochastic epidemic, are proved for the

stochastic model, given by [16].

Introduction

The considerable literature now existing on stochastic epidemic models is
mainly concerned with closed population epidemics, such as the general
stochastic epidemic, and thus is of limited direct use in modelling most AIDS
epidemics where immigrations into and deaths from the class of susceptibles
can be an important feature. Nevertheless there have been many studies of

closed population models of AIDS. As such models can provide a good
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description of the short term behaviour of an epidemic. They can provide a
useful indication of the likely effects of some parameters in more complicated
models incorporating immigration and deaths. However standard stochastic
epidemic theory is often still not applicable because the infection process is
modelled slightly differently. [xy term where x and y are the numbers of

susceptible and infectives for the rate of new infections is replaced by

Bxy/(x + ).

So if removed individuals are no longer available as sexual partners and
new patterns are chosen at random from the population of possible partners,
then the probability that a new partner of a given susceptible is infected 1is
y/(x + y). The Purpose of the present paper is to analyze deterministic and

stochastic closed population epidemics with the above modified infection.

First let us define the stochastic version of our model more precisely.
Consider a closed population consisting initially of a infectives and n
susceptibles. Fort = 0, let X(t),Y (t) and Z(t) be respectively the numbers of
susceptible, infective and removed individuals at time t. suppose further that
Xt)+Y(@)+Z(t) =n+a(t =0)so the process is completely determined
by {(X (1), Y(t)), t= O} which we assume is a continuous — time Markov chain
on the state space {(x,y) EZ*x+y=n+a0=x=n,y=0} with

transition probabilities
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Pr{(X(t+A0),Y(t+A) = (x— Ly + D|(X®), YD) = (x, )}
= Bxy(x +y) 1At + o(At)

Pr{(X(t + AD), Y (t + AD)) = (x,y — D|(X(1), Y () = (x,7))
= yyAt + o(At)

and all other transitions having probability o(At). Let us refer to this epidemic

model as the modified stochastic epidemic.

The Chapter is structured as follows. The deterministic version of our
modified stochastic epidemic is considered. N contrast to the general
deterministic epidemic, this surprisingly admits a complete closed — form
solution. The stochastic version is explained. Its temporal solution is derived
using the Method of Kryscio [25]. The total size distribution is also examined
and threshold theorems, analogous to those of Whitttle and Williams are
proved. The effect of introducing varying susceptibilities to the disease into the

model is considered. Using the methods similar to those of Ball [16].
Deterministic Model
Exact Solution and Final Outcome:

For t 20, let x(t),y(t) and z(t) be respectively the numbers of
susceptible, infective and removed individuals at time t. The deterministic

model of the modified epidemic is given by
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dx

a5 = Py

dy _ Bxy
dt x+y

—VY

dz_

With initial conditions x(0) =n, y(0)=a, 2z(0)=0.
Equations (12.1) and (12.2) imply that

dx_ —X
dz p(n+a-—2z)

Where p = y /[, which together with (12.4) yields
x(t) =n(1l—z(t)/(n+ a))'/? (t 2 0)
Substituting (12.5) into (12.3)
x(W)+yt)+z(t)=n+a (t=0)
After integration and p = 1 then

x(t) = nexp(—ayt/N)
y(t) = aexp(—ayt/N)

z(t) = N(1 — exp(—ayt/N))

Where N=n+a.lfp#1
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x(t) = n{N~!(n + aexp(B —y)t))}/ P~V
y(t) = a{N"(n+ aexp(B — y)t))}l/(P—l) exp(B — ¥)t) (12.9)

2(t) = N[1 — {N"}(n + aexp(8 — y)1)}/ V]

Let T = lim,_,,, z(t) — a be the total size of the epidemic, i.e the number

of initial susceptibles that are ultimately infected by the epidemic. Thus we get

j <
T = {n =l (12.10)

n(1 - (n/N)V/P=D) if p>1.

Thus if p =1 the epidemic ultimately sweeps through the whole
population. This contrasts sharply with what one might except to occur in
real — life epidemics, and also with the final outcome of the general

deterministic epidemic.
Threshold Behaviour

It is well known that the threshold behaviour of the general deterministic
epidemic is governed by the value of the relative removal rate p = y/f3, where
y and [ are respectively the infection and removal rates.If p < n, no true

epidemic occurs, since dy/dt |;=o < O.

However, the situation is not so straightforward for the modified

epidemic. By noting that

éO Whenpg

F&

x+y
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and

d X _XY(]/_,B)< >
E<x+y>_ (x + y)2 >0 whenp = 1

Let us use the previous results to summarise the threshold behaviour of

the modified epidemic as follows:

1. p>1, Z < 0forallt, x() > 0;

2. — =p=1, %<0f0rallt (excepttinfp= ni)x(oo)>0;

n+a +a

3. p<——, dy/dt|i= >0, x(x) > 0;

In particular note that it is possible for all of the initial susceptibles to
ultimately contract the disease even if the number of infectives is always

decreasing.
Comparison with General Deterministic Epidemic

For t = 0, let x(t), ¥(t) and z(t) denote, respectively, the number of
susceptible, infectious ad removed individuals in a general deterministic

epidemic with infection rate f/(n + a), removal rate y and initial condition

(%(0),(0),%(0)) = (n,a,0). Thus
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ax - __ )

it m+a)”

dy

&Y U — vV b 12.11
dt (n+a) vy ( )
dz  _

The above epidemic and our modified epidemic have identical initial rate
of spread. In the modified epidemic the infection rate increases as the epidemic
progresses, while it remains constant in the general epidemic. Thus the spread
of infection is faster and more severe in the modified epidemic than in the

general epidemic. This can be shown as follows:

By letting t — o0 (12.6) and (12.7) we find that z(e0) = lim,_,, z(t) is

given by the smallest root in [0, + a] of f(z) = 0, where

7z 1/p
) (12.12)

f(z)=n+a—z—n(1—n+a

A similar argument for the general epidemic shows that Z() is given by the

unique root in [0,n + a] of g(z) = 0, where
gz)=n+a—-z—nexp {—z/(n+a)p)} (12.13)

Now exp(—x)>1—x(x>0). So f(z) > g(z)(z>0) and hence
z(0) = Z(0). Thus the total size of the modified epidemic is strictly larger than

that of the general epidemic.

d dz
==  ad = =gf(®
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So it also follows that z(t) = Z(t) for all t = 0,with strict inequality for
t > 0. Finally, using (12.6) and a corresponding equation for the general
epidemic yields that x(t) = X(t) for all t 2 0, and again the inequality is strict

fort > 0.

Stochastic Model

Let us now consider the simplest probability version of the deterministic
model. As before, assume a homogeneously mixing group of n + 1 individuals
and suppose for simplicity that the epidemic starts at time t = O with one
infective and n susceptibles. This time let us take the random variables X(t) and
Y (t) to represent the number of susceptibles and infetives respectively at time t,
where x(t) + y(t) = n + 1 .Then the chance of a contact between any two
specified individuals in an interval At is fAt + o(At), where [ is the contact
rate, and f = constant. It follows that the chance of one new infection in the
whole group in At is BXY At to order At. When this transition occurs X
decreases by one unit and Y increases by one unit. Suppose if take the
possibility of removal, then the chance of one removal in At can be taken as
yyAt where vy is the removal rate. The variable Y decreases by one unit after the

transition, but X remains unchanged.

Let us suppose that at time t = 0, there are n susceptibles and a infectives.

Let Pn(t) be denoted as the probability that at time t, there are r susceptibles
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still uninfected and s infectives in circulation. The chance of one new infection
in time At is taken to be frs At and the change of one removal ys4t. Also the
time interval from the infection of any given susceptible to his eventual removal
has a negative exponential distribution. Also the time scale is given by 7 = S,
instead of tand y/ f = p, the ration of removal rate to infection rate which we

shall call the relative removal rate.
If f=1theny =p. Fort 20, let p,s(t) = Pr{(X(t),Y(t)) = (r,5)}

((1‘, s) € En,a),

where Ep,={(r,s)€Z*0=r+s=n+a0=r=n0=s=n+a} is

the set of possible states that the epidemic can visit.

Let us have,

dpr,s _ (T‘ + 1) (S - 1)
dt  (r+s)

Pr+1,s-1 + p(s + 1)pr,s+1 - S( + ,0) Prs

r+s

((r, 5) € En’a), (12.14)
and p, s = 0if (r,5) € E,, 4, together with the initial condition p,, ,(0) = 1.

For (7,s) € Ej, 4 let

0

4o (D) = f exp(—Aw)py s (W) du (12 0)
0
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Taking the Laplace transform of (12.14) yields
(r+1D(s = Drsas-1 +p +5)(s + Dars—y

—(sr+ (r+s)(ps+1)grs =0

((r, s) € Ep q|{n, a}) (12.15)

P+ag:a+pﬂ%w—1=0 (12.16)

By solving (2.15) and (2.16) can be solved to get g, s ((r, S) € En,a),

which can then be inverted to obtain the time — dependent solution of the

epidemic.

The epidemic may be viewed as a random walk on E) ,, defined as
follows. For k = 1,2, ......., let (X, Y}) denote the kth state of E,, , visited by
the epidemic, and (X,,Y;) = (n,a). The Markov property implies that the
epidemic will remain in a state (Xy,Y,) = (x,y) € E, 4 for a time A4, having a
negative exponential distribution with mean (xy/(x +y) + py)~! and on
leaving the state (X;,Y)) the epidemic will proceed according to the transition

probabilities

Pri{i(Xe+1, Yer1) = (= Ly + DX, Vi) = (x5, ¥)} = X+ p(x+y)

p(x+y)
x+plx+y)

Pri(Xe+1, Yer1) = (6, y — DX, Vi) = (x5, 9)} =
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corresponding to the occurrence of an infection and a removal, respectively.
The epidemic terminates as soon as Y; = 0 for some k > 0. supposing that
k = m, say, the sets {(Xy,Y%):0 = k = m} and {A;:0 = k = m} describe the
progress of a random walk on E,, ; where the (X, Y})‘s correspond to the states

visited and the A ‘s are the holding times in these states.

Let us derive an expression for p, (t) by conditioning on R(n,a)
following a particular path from (N — a, a) to (7, s) and taking a weighted sum
over all such paths, with weights given by the probabilities that the process

traverses the different paths.

Let us adopt the following notation. A path d from (m,w) to (r,s) is a

set of ordered points {(Sl(d), (0)) (1(611), 2(2)) (1(5), 2(?)}

where
(i). E =2(m—r)+ (w—s) is the path length
(ii). (sl(d),sz(g)) = (m,w);
(iii). (s1 d ,32(?) = (r,5);
). (s, s9)) = (st ™) = (L, =10r 01) G = 01, ......, E)

V). sP>0 (G=01,.....,E)
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Let D denote the set of all paths from (N — a, a) to (7, s). writing 74 for
the probability that the process takes path d and p;(t,d) for p,s(t)

conditional on taking path d, then

Pra(t) = ) mapi(t,d) (1217)

debD

From (12.17)

-1
| | 1 1
Ty = qj|s -4 p(51] ) 4 52(] ))]

-1

Where q; = S1 q Or p(slfi D4 S(] )) depending upon whether the jth

step in R(n, a) is an infection or a removal, respectively. However, since a path

from (N —a,a) to (r,s) must always contain N —a —r infections and

N - r — s removals, the product of the g;'s is completely determined, so that

E

WN-a) . N D\ G-D
My = p ] 1_1 (b9) s (12.18)
]=
Where
-1 1 -1
bg) = SZd ) [51({1 )+ p(slj Dy 52 ))] (12.19)

To evaluate p; ;(t, d) let us prove that the following result.
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Theorem 12.1

Let Ty, T,, ... ... ...., T,, be independent random variables having negative
exponential ~distributions with distinct means p7, uzl, eyt

respectively, and -S,, = Y7 —; T. Then

n
Pr{s, <t}=1- Z Cp,j exp(—u;t)
j=1

Where

n
-1 .
Cn,j = 1_[[11([11 —‘l.l]) (] = 1,2, ...... ,n)
i=1

i#j

The time spent by R'(n,a) in state (51({1_1) + 52({1_1)) has negative exponential

distribution with mean Ec(lj ), where
by = b (s 45U (12.20)

Now since R'(n,a) enters state (7, s) after E steps and leaves at the (E + 1) th
step, py.s(t,d) is simply the probability that the process enters (7,s) before t
and leaves after t. Thus, writing W; ; is the time elapsing between the ith and

jth steps,
p;,s(t, d) = Pr{Wl,E <t W1,5+1 > t}

= Pr{W, g1 >t} — Pr{W, g > t} (12.21)
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Since Wj g4, and W; g are both sums of negative exponential random

variables we may apply theorem 2.1, provided that Eéj )(j =12,......,E+1)

are distinct. Let us assume that p is such that

Y(x/(x+y)+p) ((x, y) EEqandy = 0) are distinct

Let us get

E+1

-1
pro(t, d)—zn b(’)l_[ (69 - 5) " exp(-Bt) (12:22)
j=1

=1
l:#]

Combining (12.18) and (12.22) and collecting together coefficients of the same

exponential term yields

(N—a)' N N—a N-m E (j—l)
= —_ —-r=s
Prs P (r+s)'z Z 2 1 (s(’ 1)+S(1 Dy

m=r w=M d€Dy, j=1

- - -1 m
X g (bék) — bc(lLH)) exp (—W (m W + p) t)

k=L+1

(12.23)

Where D,,,, is the set of all paths from (N — a, a) to (7, s) that pass through
(m,w),L = 2(N —m) — (w + a) is thelength of the path from (N —a,a) to
(m,w)and M = max(1,7r + s —m) is the smallest value w may take given

that the path must end at (r,s). Let D; denote the set of all paths from
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(N —a,a) to (m,w) and D, denote the set of all paths from (m,w) to (7,s).

consider the function 1: D,,,, = D; X D, defined by

A(CHET)RCIE ) I— ) )
= ({(s9, 52, (59,59, o (s2,58),
(5,55, (58, 55Y, e (58, 589)))

It is easily verified that 77is a bijection from D,,,, on D; X D,, so every
d € D,,, has a unique image n(d) = (d,(d),d,(d)) , say, where

d;(d) € D;j(j = 1,2). Using this and fact that |Dy,,,| = |D;||D,| we may rewrite

(12.23) in the form
_(V-a)! s N!
s r! (r +s)!
N—a N-m
m
X z Z C,(m,w|N —a,a) C,(m,w]|r,s) exp (—W (m T + p) t)
m=r w=M

Where using (12.19) and (12.20)

L

—1 j—1 j—1 —1 —1
CimwiV = a0 = ) | [l fsa? st ol + st
d1€D1 ]=1

-1
._1 m
psgi ) — exp ((m —+ p) t)}
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and

E-L

w (r+s) o) D D [sD 459

C,(m,w|r,s) = s mEw) Z Sy 52d1251d12 [S1d2 + s,
dzeDlz ]=1

o) m !

pssd, =W (s ¥ 0))

Total size

For w=0,1.2,........,n et P, =Pr{Z(wo)=a+w} be the

probability of an epidemic with total size w.
Forw = 0,1,2,....n
By = lim pr_y,0(0),
= lim; 0 Aqn-w,0(4),

= lim; o PGn-w1 D,

Puttingr = m —wand s = 0 in (2.2). Thus
P, =pfn-wi (w=0,12,.... ,n)

where

fr,s == }llf)r(l) qrs (/1); ((T, S) € En,a)
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Setting A = 0 in (12.15) and (12.16) we obtain
r+ D —Dfrrrs-1 +pr+ )6+ Dfrsin
—S{T + p(r + S)}f;‘,s =0 (T‘, S) € En,a{nr a})

a(L"l'p)fn,a =1

n+a

(12.24)

Threshold Theorems

In this section let us consider the threshold behaviour of the modified
stochastic epidemic. In the Literature, there are two different types of threshold
theorems for stochastic epidemics, originating in the papers of Whittle and
Williams. Let us prove corresponding theorems for the modified stochastic

epidemic.

Whittle’s Threshold Theorem

Let i = (Z(0) —a)/n be the intensity of the epidemic, i.e. the

proportion of initial susceptibles that are ultimately infected.

For i € [0,1] let

Where [ni] denotes the integer part of ni, be the probability that the intensity of

the epidemic doesnot exceed i. Now for such epidemics

n(1—)<X({t)=n (t 2 0)
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and

Z(t) S a+ni (t=0)
So
pn(1-0)Y(t) < BX()Y(t) < pny (t) (t > 0)
n+a = X()+Y (1) = n(1-i) -

It follows that, for epidemics whose intensity does not exceed i, the
modified stochastic epidemic can be sandwiched between two birth — and —
death processes, each having death rate y, but with birth rate fn(1 —i)/(n + a)
and /(1 — i) respectively. Let T; and T, be the respective total sizes of the two

birth — and — death processes.
Then
Pr{Ty = [ni]} = n; = Pr{T, = [ni]} (12.25)
Now
Pr{T, = [ni]} = Pr{T, < oo}

and Pr{Ty = [ni]} = Pr{Ty < oo} — Pr{Ty, € (ni,»)}.

Further Pr{T, € (ni, )} tends to 0 as n tends to infinity. It follows that

for sufficiently large n, let us have

[min{p(1 —1i),1}]* =m; = [min {M 1}]‘1 (12.26)
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Thus, for large n, if p = 1 there is zero probability of an epidemic exceeding
any fixed intensity i > 0; while if p > 1 the probability of an epidemic is

approximately 1 — p%, for small i.
William’s threshold Theorem

Let us consider the modified stochastic epidemic with n initial

susceptibles and a initial infectives, and forw = 0,1, ........,n and let PM(,n) be
the probability of an epidemic with final size w. in order to derive a Williams —

type threshold theorem we need to determine

B, = lim,_, Pm(,n) (w=(0,1,.....) and finding conditions under which
Y=o Py < 1, so the limiting total size distribution has a non — zero mass at

infinity. Let us consider the embedded random walk R(n,a) defined in section

(3.1). Using (3.4) yields that

m__n m+a o G-1) G-1 , (-1
b = o i wyt” (51d TP+ S5 ))

A

dep | j=1
(12.27)

Where D is the set of all paths from (n,a) to (n —w,0), E = 2w + a is the
length of any path in D, and (sl(z) + 52(’;)) (k=0,1,....,E) are the coordinates
of the path d. The factorial expressions in (3.3) may be expressed as
nn—1)..n—-w+1)(n+a)(n+a—-1).......n—w+1), so PM(,n) is
p"*% times the sum of product of terms of the form

187



(n—m){sl(é 1)+p( U= 1)+S(J 1))}
im=-a,-a+1,.,w—-1;j=01,..,E—-1)
Now, for j = 0,1,...........,E—1,n—w<51]d<nandn—w+1<52d+

Slj 4 = n + a, so by the sandwhich theorem

rlli_r){)lo(n—m){sl(fi 1)+,0( U= 1)+S(J 1))} =1+p)t

(m=-a-a+1.,w—1;j=01,.,E—1) (12.28)

Using the Ballot theorem

QCw+a—-1!a

IDI'= w!(w + a)! (12.29)
It now follows from (12.26) — (12.29) that
2w+a—1Dla wta
( ) P (12.30)

w = wlw+a)! (1 +,D)2W+a

The limiting distribution given by (12.30) is the same as that found by Williams
for the general stochastic epidemic, and corresponds to the total size of a
birth — and — death process, with birth rate 1, death rate p and initial population
size a. Thus in the limit as n tends to infinity, the probability of a finite
epidemic is given by {min(p, 1)}%, so a major epidemic can occur if and only if

p <1
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Conclusion

The purpose of the topic is to give some simple application of martingales

to epidemics. The results are connected with stopping times. The expression of

the joint generating functions Laplace transforms of Xr, fOT X,Y, du and

fOT Y, du is obtained. X, and Y, denote the numbers of susceptibles and

Carriers, Several relations between different types of epidemics are given. Here,
Downston’s is discussed. We have proved simple relation between moments

here.

Daniels has shown that when the Threshold is large but the population
size 1s much larger the distribution of the number remaining uninfected in a
large epidemic has approximately a Poisson form with deterministic manner.
This chapter gives the rather intuitive proof of Daniels result. The proof is based
on a construction of this epidemic process which is more explicit than the usual

description.

Results on SIS SIR SIRS models are summarized. For the SIR and SIRS
models three subscripts are required for the probabilities. The basic
reproduction number R, plays a fundamental role for through the Threshold
results differ some what. The comparison of Thresholds results for the
determinants and stochastic version of the homogeneous Si model with

recruitment death due to the disease the background death rate are discussed.
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Wiess’s and Downston’s model with parameter i, ¢ and  depending on
[ number of susceptibles and j number of carriers. A martingale argument is
performed where m and a/f depend on i or Weiss case. Martingale approach
proved very valuable and given explicit results. At the end of this chapter well
known results between moments and integrals along a trajectory are still true for

any stopping time.

A model for the spread of an epidemic in a closed, homogeneously
mixing population in which new infections occur at rate Sxy/(x + y), where x
and y are the numbers of susceptible and infectious individuals, respectively,
and f is an infection parameter is discussed. This contrasts with the standard
general epidemic in which new infections occur at fxy. Both the deterministic
and stochastic versions of the modified epidemic are analysed. The
deterministic model is completely soluble. The time — dependent solution of the
stochastic model is derived. Threshold theorems, analogous to those of Whittle
and Williams for the general stochastic epidemic, are proved for the stochastic

model.
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